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LEFSCHETZ-VERDIER TRACE FORMULA AND A 
GENERALIZATION OF A THEOREM OF FUJIWARA 

YAKOV VARSHAVSKY 

Abstract. The goal of this paper is to generalize a theorem of Fujiwara (formerly 
Deligne's conjecture) to the situation appearing in a joint work |KVj with David 
Kazhdan on the global Langlands correspondence over function fields. Moreover, 
our proof is more elementary than the original one and stays in the realm of 
ordinary algebraic geometry, that is, does not use rigid geometry. We also give a 
proof of the Lefschetz-Verdier trace formula and of the additivity of filtered trace 
maps, thus making the paper essentially self-contained. 
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Introduction 

Suppose we are given a diagram X !- C X of separates schemes of finite 
type over a separably closed field /c, which we call a correspondence, an "^-adic 
sheaf" T G -D^(X, Q/) and a morphism u : C2\c\T — >■ If Ci is proper, then u gives 
rise to an endomorphism RTc{u) : RTc{X,J^) RT(.{X,J^). 

When X is proper, the general Lefschetz-Verdier trace formula |I1H Cor. 4.7] as- 
serts that the trace 1t{RV ciu)) equals the sum X]/3g7ro(Fix(c)) -^^/sl"")) where Fix{c) : = 
{y E C \ ci{y) = C2{y)} is the scheme of fixed points of c, and LTp{u) is a so-called 
"local term" of u at (3. This result has two drawbacks: it fails when X is not proper, 
and the "local terms" are very inexplicit. 

Deligne conjectured that the situation becomes better if k is the algebraic closure 
of a finite field F^, X C X and T are defined over Fg, C2 is quasi-finite, and 
we twist Cl by a sufficiently high power of the geometric Frobenius morphism. More 
precisely, he conjectured that in this case the Lefschetz-Verdier trace formula holds 
also for non-proper X's, the scheme of fixed points Fix{c) is finite, and for each 
y E Ci^{x) n (x), the local term LTy{u) equals the trace of the endomorphism 
Uy : Tx ^ O^x-, induced by u. 

The conjecture was first proven by Pink jFi] assuming the resolution of singular- 
ities, and then by Fujiwara ll'uj unconditionally. 

Theorem of Fujiwara has a fundamental importance for Langlands program. For 
example, it was crucially used by Flicker-Kazhdan, Harris-Taylor and Lafforgue. 

In a joint project |KVj with David Kazhdan on the global Langlands correspon- 
dence over function fields, we needed a generalization of the above result to the case, 
when Cl is not necessary proper but there exists an open subset U C X such that 
Cl\^-l/^^ is proper, JF vanishes on X \ t/, and X \ U is "locally c-invariant" . In this 
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case, u still gives rise to an endomorphism RTciu), and the main result of this work 
asserts that the conclusion of Deligne's conjecture holds in this case. 

The strategy of our proof is very similar to that of |Fi] and |Fuj : first we reduce 
the problem to vanishing of local terms LT/j, then we make the correspondence 
"contracting" by twisting it with a sufficiently high power of Frobenius, and finally 
we show the vanishing of local terms for "contracting" correspondences. 

Our approach differs from that of Fujiwara in two respects. First of all, our 
definition of a "contracting" correspondence is much simpler both to define and to 
use. Namely, we work with the most naive notion of an "infinitesimally" contracting 
correspondence, which has a simple geometric description in terms of a "deformation 
to the normal cone". As a result, our bound on the power of Frobenius is sharper 
and more explicit. 

Secondly, to prove a generalization of Deligne's conjecture described above, we 
work "locally" . More precisely, motivated by Pink jPil, to show the vanishing of local 
terms, we first show the vanishing of so-called "trace maps" , from which local terms 
are obtained by integration. Also our definition of local terms is more elementary. 

The paper is organized as follows. In the first section we introduce basic objects 
and constructions used later. More precisely, in Subsection 1.1 we define correspon- 
dences, cohomological correspondences and basic operations on them. In Subsection 
1.2 we introduce "trace maps" and show that the Lefschetz-Verdier trace formula 
follows from the commutativity of the trace maps with proper push-forwards. In 
Subsection 1.3 we define specialization of correspondences, while in Subsection 1.4 
we restrict ourself to a particular case called "specialization (or deformation) to 
the normal cone". We finish this section by Subsection 1.5, in which we introduce 
locally invariant subschemes and study their properties. 

In the second section we prove our main results, assuming certain functorial prop- 
erties of the trace maps. More precisely, in Subsection 2.1 we introduce the notion 
of correspondences "contracting near fixed points" and show that for such corre- 
spondences, the local terms are equal to the "naive local terms". Our proof uses 
the additivity of the trace maps, the commutativity of the trace maps with special- 
izations, and a theorem of Verdier |Vej asserting that specialization to the normal 
cone commutes with the restriction to the zero section. 

In Subsection 2.2 we study correspondences over finite fields and show that in our 
situation the correspondence become "contracting near fixed points" after we twist 
Ci by a sufficiently high power of the geometric Frobenius morphism. Finally, in 
Subsection 2.3 we prove the generalization of Deligne's conjecture, described above. 

The third section is devoted to the proof of the theorem of Verdier |Vej , which is 
crucial for Subsection 2.1. Though our argument is almost identical to the original 
one, it is more detailed. 
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In the fourth section we prove that the trace maps commute with proper push- 
forwards and speciahzations. Though similar assertions were proven by lUusie 
and Fujiwara, respectively, their results have unnecessary properness assumptions. 
Moreover, we find Fujiwara's proof rather sketchy. To make our proofs more struc- 
tural, we prove a more general result asserting that the trace maps commute with 
so-called "cohomological morphisms" . We would like to observe that our proof re- 
duces to a long sequence of rather straight-forward calculations. We believe that it 
should be possible to replace these calculation by some "categorical" argument. 

The fifth section is devoted to the proof of the additivity of trace maps used 
in Subsection 2.1. Following Pink, we deduce this property from the additivity of 
filtered trace maps, stated by Illusie in |I1H 4.13]. Though the result is considered 
well-known among specialists, we decided to include the proof for completeness. 
To prove the result, we first recall basic properties of filtered derived categories in 
Subsection 4.1, then we define filtered six operations in Subsection 4.2, and finally 
we show the additivity of filtered trace maps in Subsection 4.3. 

In the appendix we show that our local terms coincide with those defined by 
Illusie and used by Pink and Fujiwara. Though we do not use this result anywhere 
in the paper, we decided to include it to avoid a confusion. 

Finaly we would like to stress that though this paper is written in the language of 
schemes, our arguments apply word-by- word to the case of (compactifiable) algebraic 
spaces (and most likely also to the case Deligne-Mumford stacks). 

A shorter exposition of our results appeared in |Vaj . 
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Notation and conventions 

0.1. For a scheme X, we will denote by X^ed the corresponding reduced scheme. We 
will identify closed subsets of X with the corresponding closed reduced subschemes. 
For a closed subscheme Z C X, denote by 2z C Ox the sheaf of ideals of Z. For a 
morphism of schemes f : Y ^ X, we denote by /' : Ox — ^ Oy the pullback map of 
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functions. For a morphism of schemes f : Y ^ X and a closed subscheme Z C X, 
we denote by f'^{Z) the schematic inverse image of Z, i.e., the closed subscheme 
of X' such that X/-i(z) = f'{Iz) ■ Ox> C Ox'- 

0.2. Throughout the paper all schemes will be separated and of finite type over a 
fixed separably closed field k. We also fix a prime /, invertible in fc, and a commu- 
tative ring with identity A, which is either finite and is annihilated by some power 
of /, or a finite extension of Z/ or Q^. 

To each scheme X as above, we associate a category A) of "complexes 

of finite tor-dimension with constructible cohomology" (see SGA4| Rapport 4.6] 
when A is finite and |Det 1.1.2-3] in other cases). This category is known to be 



stable under the six operations /*, /■, /i, and TZHom (see |SGA4|[ Th. finitude, 
1.7]). In SectionElwe will work with a larger category D^(X, A) of "complexes with 
constructible cohomology" . 

For each X as above, we denote by ttx : AT ^ pt := Spec/c the structure mor- 
phism, by Ax € -D^jj(X, A) the constant sheaf with fiber A, by Kx = vr)(^(Apt) 
the dualizing complex of X, and by D = Dx := TZHom{-, Kx) the Verdier duality. 
We will also write RTclX, ■) instead of nxi and Kr{X, ■) instead of ttx*- For an 
embedding i : Y X and JF G D^^j(X, A), we will often write J-'\y instead of i*J-'. 

Let F be an algebraic closure of the finite field Fg. We say that an object X over 
F is defined over Fg, if it is a pullback of the corresponding object over Fg. 

0.3. (a) We will repeatedly use the fact that functor is right adjoint to /*, that 
f' is right adjoint to /i, and that TZHom is adjoint to 0. We will denote by adj 
the adjoint morphisms Id f*f*, f*f* Id, Id f'f\, f\f' Id, and by ev 
the evaluation map A ® lZHom{A, B) B. We also denote by evjr the evaluation 
morphism DjF ® — Kx ■ 

We will also freely use various base change morphisms (see, for example, |SGA4| 
XVII, 2.1.3 and XVIII, 3.1.12.3, 3.1.13.2, 3.1.14.2]), which we will denote by BC. 

(b) For a morphism / : X — y, we denote by t/ the morphism 

(0.1) /,^®/,i3-^/,(^®S), 

adjoint to the composition f*{f*A ® f^B) = f*f*A ® f*f*B A® B, by proj 
the isomorphism fiXA® f*B) ^ fiA^B ( pCiAAl XVII, 5.2.9]), usually called the 
projection formula, and by tj! both the morphism 

(0.2) fA®rB^f{A®B), 

adjoint to the composition f\{fA^ f*B) ^—^ fifA^B A® B and the isomor- 
phism 

(0.3) fnHom{A, B) ^ nHom{f*A, fB) 
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(see |S(;A4I XVIII, 3.1.12.2]), adjoint to the composition 

fnHom{A, B) ® rA ^ f\nHom{A, B) ® A) ^ fB. 
Also when / is proper, we denote by f\ the integration map 

H\X, Kx) = H%X, fKy) = H%Y, f^fKy) ^ H%Y, Ky). 

0.4. For a product Xi x X2, we denote by pi the projection Xi x X2 Xi. For each 
A e D^i/Xi, A) and B e D^^^/Xa, A), we set Am := plA®p*2B e D^^^/Xi xXs, A). 
In this setting Illusie jIIT| (1.7.3) and (3.1.1)] constructed isomorphisms 

(0.4) : Kx.^B ^p^B and BA^ B ^ nHom{plA,P2B), 

the first of which is the composition 

t ! 

while the second is adjoint to the composition 

pIA O (D^ mB) = {A® BA) mB ^ Kx.^B ^ p^B. 
In particular, isomorphism <) induces an isomorphism Kx^ Kl Kx2 KxixX2- 

1. Basic constructions 

1.1. Correspondences. 

Definition 1.1.1. (a) By a correspondence, we mean a morphism of schemes of the 
form c = (ci, C2) ■ C ^ Xi X X2. 

(b) Let c : C —>■ Xi X X2 and b : B —>■ Yi x Y2 he correspondences. By a 
morphism from c to 6 we mean a triple [/] = (/l,/^/2) making the following 
diagram commutative 

Xi C X2 

(1-1) h 

Notation 1.1.2. (a) Denote by Ctr the trivial correspondence pt ^ pt x pt. For an 
arbitrary correspondence c : C Xi x X2, denote by [tt]c the structure morphism 

(71"Xi, TTc, TTxa) from C tO Q^,. 

(b) We say that a morphism [/] = (/i, /'', /2) between correspondences is proper 
(resp. an open embedding, resp. a closed embedding), if each component fi, and 
/2 satisfies this property. We say that a correspondence c is proper over fc, if the 
structure morphism [7r]c is proper. 
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(c) Let c : C ^ Xi X X2 he a. correspondence. By a compactification of c we mean 
a proper correspondence c : C ^ Xi x X2 over k equipped with an open embedding 
b] = (ji) J^ J2) from c to c such that and j2 are dominant. 

The following observation will be useful later. 

Remark 1.1.3. Let c : C — > Xi x X2 be a correspondence. Then every pair 
of compactifications ji : Xi ^ Xi and j2 '■ X2 X2 can be extended to a 
compactification c : C — >■ Xi x X2 of c. Indeed, choose first any compactification 
j' : C ^ C of C, define C to be the closure of the image of 

(j", Jl o ci, js o C2) : C C" X Xi X X2, 

and denote the projection C Xi x X2 by c. 

Definition 1.1.4. Let c : (7 ^ Xi x X2 be a correspondence. By a c-morphism, we 
mean a morphism u : C2\c\J-'i T2 for some T\ G D|!^j(Xi, A) and T2 G D\^{X2, A). 

Remark 1.1.5. A c-morphism is usually called a cohomological correspondence 
lifting c. 

1.1.6. Push-forward of cohomological correspondences. 

(a) In the notation of II. 1.11 (h) assume any of the following three conditions: 

(i) the left inner square of ()1.1|1 is Cartesian; 

(ii) morphisms /i and are proper; 

(iii) morphisms Ci and 61 are proper. 

In all these cases, we have a base change morphism BC : b^fn f}c\. Namely, in 
the cases (i) and (ii), BC is the standard one, while in the case (iii), BC is adjoint 
to the map 



(b) Proper push-forwards from (a) are compatible with compositions. Namely, 
let [g] be a morphism from a correspondence 6 to a third correspondence satisfying 
the same condition among (i)-(iii) as [/]. Then the push-forward {[g] o [f])\ defined 
in (a) equals the composition [g\\ o [/];. Indeed, proper push-forwards are induced 
by base change morphisms, so the assertion follows from the fact that base change 
morphisms are compatible with compositions. 

1.1.7. Functor RTc- Let c : C Xi x X2 be a correspondence with ci is proper, 
and let u : C2\c\J^i — JF2 be a c-morphism. 



JV. — ^ Jl! 
Every c-morphism u : C2\c\T\ 




[/].(n):62.6t(/i!^i) 
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(a) The structure morphism [vrjc from Notation II. 1.21 (a) satisfies assumption (iii) 
of 11.1.61 (a). Hence u gives rise to a morphism 

RT,{u) := [ttUu) : RT,{X,,J^i) ^ i?r,(X2, J^a). 

Exphcitly, RTc{u) is the composition 

i?r,(Xi, J-i) ^ RT,{C,clJ^,) = RT,{X2,C2iclTi) ^ RT,{X2,T2). 

(b) Let c be a compactification of c, and let [j] = (ji, j^ ^2) be the corresponding 
open embedding of c into c. Then [j] satisfies assumption (iii) of 11.1.61 fa), hence u 
extends to a c-morphism u := : C2fCiUi'.^i) j2!-^2- 

(c) In the notation of (b), we have [vrjc! = [7r]c!o[j]! (use[TT21(b)). Therefore natu- 
ral isomorphisms RTc{Xi,J^i) ^ RT^(X^, ji^Ti) and RTc{X2,T2) = RTc(X'2, ]2\J^2) 
identify RVciu) with RVciu). 

1.1.8. Fullback of cohomological correspondences. 

In the notation of II. 1.11 (b), assume any of the following conditions: 

(i) the right inner square of p.l|) is Cartesian "up to nilpotents" , i.e., the canonical 
morphism Cj-ed ~^ (-B Xy^ X2)red is an isomorphism; 

(ii) morphisms and /2 are etale. 

In both cases, we have a base change morphism BC : 021/^* — ^ /2^2!- Hence every 
6-morphism u : 62!&i-^i ^2 gives rise to a c-morphism 

[/]*(«) : C2,cl(/r^i) = C2jHlT^ ^ /2*62!fct^l ^ /2^2. 

1.1.9. Restriction of correspondences. Let c : C ^ X x X he a correspondence, 
and u : C2!cJjF — JF a c-morphism. 

For open subsets W C C and U G X, denote by c\w '■ W X x X and 
c\u : c^^{U) n C2^{U) U X U the restrictions of c, and let [jw] and [ju] be the 
open embeddings of c\w and c|;7 into c, respectively. Then [j^y] and [ju] satisfy 
assumption (ii) of 11.1.81 so u restricts to a cjvi^-morphism u\w := [jw]*{u) and a 
c| {/-morphism u\u '■= [ju]*{u). 

1.2. Trace maps. 

Notation 1.2.1. For a correspondence c : C — > X x X, let A be the diagonal 
map X ^ X X X, put Fix{c) be the fiber product X Xxxx C, and denote by 
A' : Fix{c) ^ C and c' : Fix{c) —>■ X the inclusion map and the restriction of c, 
respectively. We call Fix{c) the scheme of fixed points of c. 

The following construction is crucial for this work. 
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1.2.2. Trace maps and local terms. Fix a correspondence c : C ^ X x X and 

:FeDl,f{x,K). 

(a) Denote by Tr : lZHom{c\J-' , €'2^) /SI^Kpixic) the composition 
nHom{clJ^, 4 J^) ^ c'(DJ^ mj^)^ c A.Kx ^ Kc''Kx = KKF^x{c), 

where the first map is the composition of the inverses of (jU.3p and (|U.4j) 
nHom{clJ^, c^T) ^ c llHom[p\T ,V2^) ^ c'(DJ^ m T), 

the second one is induced by the map DjF Kl JF — ^ !S.^Kxi adjoint to the evalua- 
tion map A*(DjF Kl JF) = DjF ® T Kx-, and the third one is the base change 
isomorphism c'A* ^ A'^c''. 
Using identifications 

H^{C,nHom{clJ^,C2J^)) = Hom(c*J^, 4J^) ^ Hom(c2!ctJ^, J^), 

where the last isomorphism is obtained by adjointness, the map H^(C, Tr) gives 
rise to the map 

(1.2) Tr : Hom(c2!ct.F,.F) ^ H\C,KKF^.ic)) = H%Fix{c), Kf,,^,^). 

Whenever necessary, we will also use notation TV^, Tr -^, Tr^ or Trjr to emphasize 
that the trace maps Tr and Tr depend on c and JF. 

(b) For an open subset P of Fix{c), we denote by 

(1.3) Tr;3 : Hom{c2iclJ^, J^) i/°(/3, i^/j) 

the composition of Tr and the restriction map H^{Fix{c), Kpix[c)) H^iP, ^p)- If 
moreover, (3 is proper over fc, we denote by 

(1.4) LTp : Hom{c2\clT, J^) ^ A 

the composition of Tr^ and the integration map vr^i : H^{f3, Kp) A. 

When /? is a connected component of Fix{c) which is proper over k, then LTp{u) 
is usually called the local term of u at /3. 

1.2.3. Example. If c = Ctr (see Notation 11.1.21 (a)), then Fix{c) = pt, hence 
H^{Fix{c), Kpix(^c)) = A. Moreover, in this case is just a bounded complex of 
finitely generated free A- modules (modulo homotopy), and the trace map Tr^^^ 
coincides with the usual trace map Hom(jF, JF) A. 

Remark 1.2.4. We will show in the appendix that our local terms are equivalent to 
those defined by lUusie |Illj and later used by Pink [Pil and Fujiwara |Fuj . However, 
our definition is more elementary. 
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The following proposition, whose proof will be given in Section 0] (see I4.H.4|1 . 
asserts that the trace maps commute with proper push-forwards. Though the result 
resembles |I1H Cor 4.5], we do not assume that morphisms c : C — > X x X and 
b : B ^ Y X Y are proper. 

Proposition 1.2.5. Let [/] = (/, f \ f) be a proper morphism from a correspondence 
c:C—^XxXtob:B-^YxY. Then the morphism f : Fix{c) Fix{b) 
induced by [f] is proper as well, and for every G ^^^^(X, A), the following diagram 
commutes 

Hom{c2iclJ^,J^) H'>{Ftx{c),KFi,^,)) 



:i.5) [/]! 



Hom{b2ibl{f,J^)J,J^) H%Fzx{b),KFi^^,^). 

As a particular case, we deduce the well-known Lefschetz-Verdier trace formula 
(Hill Cor. 4.7]). 

Corollary 1.2.6. Let c : C ^ X x X be a proper correspondence over k. Then for 
every c-morphism u : C2\c\J^ T , we have an equality 

(1.6) Ty{RY,[u))= Y1 

Proof. Consider the structure morphism [vr] = [Tr]^ from Notation 11.1.21 fa). Then 
the right-hand side of (jl.6|) equals 'KFixicy.iTfciu)), while the left-hand side equals 
Tr(i?r,(M)) = Tr([7r],(M)) fsee ITX7I fa) andHTHl)- Hence the equality (HSl) follows 
from the commutativity of (|1.5|) . □ 

1.3. Specialization. 

1.3.1. Set up. Let be a separably closed field, R a discrete valuation domain 
over fc, whose residue field is k. Let K be the fraction field of i?, R the integral 
closure of R in K^^^, and R^ the (strict) henselization of R. 

Set V := Speci?, V := Speci? and := SpecR^, denote by rj, f], and rj^ the 
generic points of V, T) and T>^, respectively, and by s the special points of each D, 
V&TidV^. _ _ ^ 

(a) For a scheme X over T> and ? = s,ri,T],ri^,V,V^, we denote by X?, the 
corresponding scheme over ?. Let i : Xs "—>■ X^ and j : Xjj > X^ be the canonical 
closed an open embeddings. 

(b) For a morphism / : X — > F of schemes over V and ? = s,T],f],V, we denote 
by /? the corresponding morphism X? Y?. 
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(c) For a scheme X over k, set := X x V. For a morphism f : X —* Y oi 
schemes over k, set fv '■= f ^ Id© : X-p — > 1©. For each 7 = s,ri, rj, V, we will write 
X? instead of (Xd)? in the notation of (a) and /? instead of (X-p)-? in the notation 
of (b). We will also identify Xs = (Xx))^ with X. 

(d) For a scheme X over k and an object G D^jj(X, A), we denote by JF^ and 

JF^ its pullbacks to Z^^(j(X^,A) and A). For a scheme over and an 

object G D^jj(X,,, A), denote by JF^ and JF^h its pullbacks to /^^^^(X^, A) and 
D,\/X,.,A). 

(e) Denote by \E'j^ : D^jj(X^,A) ^ D^jj(Xs,A) the corresponding functor of 
nearby cycles. Explicitly, \E'j^(jF^) := i*j*JF^, if R is strictly henselian (compare, for 
example, |I13| §4]), and \l'j^(jF^) := ^(•^??'')' general. 

1.3.2. Specialization functor. 

(a) We say that a separated scheme X of finite type over T> lifts a scheme X over 
k, if it is equipped with a morphism ip = (px '■ X Xx) such that v^r? : X^ ^ X^ is 
an isomorphism. In this case, we define a functor 

■^Px ■■= -^Px,^ ■■ Dl,jiX,A) ^ Dl,jiXs,A) 

by the rule spj^^J^) := \E'^(v9*jF^). 

(b) We say that a morphism / : X F of schemes over V lifts a morphism / : 
X ^ y of schemes over k, if X lifts X, y lifts F , and ifY ° f = fv° Vx- In this case, 
we have base change morphisms BC* : fgSpy — ^ sp^f*, BC^, : spy/* fs*spx, 
BC' : spj^f' fsSpy and -BCi : fs\spx ~^ spyfi, defined as follows. 

Since the map T>^ T> is etale, the functor JF^ t— > JF^^ commutes with all the 
operations. Thus it remains to define the base change functors in the case when R 
is strictly henselian. In this case, BC* is by definition the composition 

f*SPyT = f*i*j^<f*YJ^rf = i*fy*f*Y^r! ^ i* j J^V*Y^ri = i* j *fxif* = Sp^f*^, 

BC\ is the composition 

fslSPx^ = 7s!rj,(^^JF- ^ i*f-^^^*^jr_ i*JJ_,j^*^jr_ ^ ^^*y{f,J^)^ = spj^fiJ^, 

while -BC* and BC' are defined by adjointness. 

(c) If / is proper, it follows from the proper base change theorem that the base 
change morphism BCi is an isomorphism, and BC^ is its inverse. Similarly, the base 
change morphism BC* is an isomorphism, if / is smooth. 
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1.3.3. Examples, (a) If X = Xx> and if is the identity, then Xg = X, and the 

natural morphism of functors = i*J-'^ ^*j*j*^v — ^Px^ isomorphism 
(see Remark 13 . 2 . 51 below) . 

(b) Let / : X ^ pt and f : X ^ I) he the structure morphisms. Then the 
composition 

BC- o BC^ : fJ-Apt = spT,fJ-Apt fs*TsSPvApt = Js*7sKt 

defines a homomorphism H^{X, Kx) —* H^{Xs, Kj^ ), which we will denote simply 
by spx- 

1.3.4. Specialization of correspondences. Let c : C X x X he a correspon- 
dence over k,c:C^XxXa. correspondence over V lifting c, and Cg the special 
fiber of c. Then every c-morphism u : C2!C*jFi T2 gives rise to a Cs-morphism 

The following proposition, whose proof will be given in Section 0] fsee I4.3.4j) . as- 
serts that the trace maps commute with specialization. Though the result resembles 
|Fu| Prop. 1.7.1], we do not assume that c and c are proper. 



Proposition 1.3.5. Let c : C X x X be a correspondence over k and let c : C 
X X X be a correspondence over V lifting c. Then for each T G A), the 

following diagram is commutative 

Hom(c2,c*.F,.F) H\Ftx{c),KF,,^,)) 



[1.7) 



}iom{cs2\c*iSp^J=',sp^J=') ^ H°{Fix{Cs),KFix{c,))- 

1.4. Deformation to the normal cone. 

We will apply the construction of the previous subsection in the following partic- 
ular case. We fix any R as in II. 3^ for example, R = k[t](^t) (the localization of k[t] 
at (0)) or R = k[[t]]. 

Notation 1.4.1. Let X be a scheme over k, and Z G X a closed subscheme. We 
will identify X with the special fiber {Xjy)^ of Xj^. 

(a) Denote by Xz the affine scheme Spec{Oxj,[—i^]) over Xx>, where t is any 
uniformizer of R, and C^Xx>[~7^] Ox^i-subalgebra of Oxi,[7] ~ ^Xr,- 

(b) The embedding Ox-p ^ ^Xd\^] gives rise to the birational projection ^ : 
Xz —* Xj), which is an isomorphism over r]. Thus Xz is a lift of X in the sense of 
021(a). 
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(c) The special fiber {Xz)s = '5pec(0^Q(X^)"'/(X2)"+^) of is the normal cone 
of X to Z, which we will denote by Nz{X). 

(d) The projection Ox-p[^^] Oxjj/Izt, = Ozj, defines a closed embedding 
i : Z-D ^ Xz- The special fiber ig : Z ^ Nz{X) corresponds to the projection to 
the zero's component ©^o(-^^)"/(-^^)"^^ ~^ Ox/^z = Oz, thus identifies Z with 
the zero section of Nz{X). 

(e) The composition of the map BC* from II. 3721 (h). corresponding to the embed- 
ding i from (d), and the isomorphism of 11.3.31 (a) defines a morphism 

(1-8) sp^^{J^)\z ^ spzJJ'lz) ^ T\z. 

The following result was proven by Verdier in |Ve| §8, (SP5)]. Since this result is 
crucial for our argument, while Verdier's argument is slightly sketchy and contains 
a small gap, we will present its proof in Section IHl 

Proposition 1.4.2. For each T G D\^^{X^K), the map il.^) is an isomorphism. 

The following functorial properties of Xz will be used later. 

Lemma 1.4.3. Let f : X' ^ X be a morphism of schemes over k, Z d X a closed 
subscheme, and Z' a closed subscheme of f^^{Z), that is, f'ilz) C Iz'- 

(a) The morphism f has a unique lift f : X'z' Xz over V. 

(b) The image fs{Nz'{X')) is supported set-theoretically at the zero section Z C 
Nz{X) if and only if there exists n G N such that f'iXzY C (T^')""*"^. 

(c) If Z' = f^^{Z), then the map X'z' Xz Xx X' induced by f is a closed 
embedding. Moreover, the latter map is an isomorphism, if f is fiat. 

(d) If Z' = f^^{Z), then the preimage f~^{Z) of the zero section Z C Nz{X) 
equals Z' . 

(e) If Z' = f~^{Z) and f is a closed embedding (resp. proper, resp. smooth), then 
f is a closed embedding (resp. proper, resp. smooth) as well. 

Proof, (a) Note that fn : X'^ corresponds to the morphism of sheaves /' : 

Oxj,[\] Ox'^[\], induced by f' : Ox ^ Ox'- Since /-(Xz) C Xz', we obtain the 

inclusion /'(C^x-p[— p-]) C Ox^[-^], which implies that fr^ extends uniquely to the 
morphism / : X'z' — > Xz, as claimed. 

(b) Since /, : Nz'{X') Nz{X) corresponds to the map ®'^=o{IzT/{IzT^^ ^ 
®'^=oi-^z')"' / {Iz')^~^^ , induced by /', the assertion follows. 

(c) follows from the fact that Xj-i(z) C Ox' equals by definition the image of 
Xz ®ci^, Ox'. 
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(d) By (c), f~^{Z) is a closed subscheme of Z Xx X' = Z'. Since the opposite 
inclusion always holds, we obtain the assertion. 

(e) follows immediately from (c). □ 

1.4.4. Deformation of correspondences. Let c : C X x X he a. corre- 
spondence, and Z C X a closed subscheme. By Lemma 11.4.31 (a), c lifts to a 
correspondence cz '■ Cc-^{ZxZ) Xz x Xz over V. 

Corollary 1.4.5. In the notation of \1.4-4\ F^^i.'^)c'-'^{z) ^-^ naturally a closed sub- 
scheme of Fix(cz)- 

Proof. Since Fix{c) is a closed subscheme of C, and c'^^{Z) C Fix{c) is the 
schematic preimage of c~^{Z x Z) G C, we conclude from Lemma 11.4.31 (e) that 

Fix{c)^,-^^^ is naturally a closed subscheme of Nc-i(zxZ){C). Since by Lemma ll.4.31 

(a) the image cz{Fix{c)^,-^^s^) is (schematically) contained in A{Xz) C Xz x Xz, 
we obtain the assertion. □ 

1.5. Locally invariant subsets. 

Definition 1.5.1. Let c : C ^ X x X he a. correspondence, and Z G X a closed 
subset. 

(a) We say that Z is c-invariant, if ci{c2^{Z)) C X is set-theoretically contained 
in Z. 

(b) We say that Z is c-invariant in a neighborhood of fixed points, if there exists 
an open neighborhood W G C of Fix{c) such that Z is c|vy-invariant. 

(c) We say that Z is locally c-invariant, if for each x G Z there exists an open 
neighborhood U G X of x such that Ci{c2^{Z fl U)) is contained in Z U (X \ f/), or, 
equivalently, such that Z (lU G U is c|;7-invariant. 

1.5.2. Example. If x G X is a closed point such that C2^{x) is finite, then {x} is 
locally c-invariant. Indeed, U := X •\ [ci(c^^(x)) \ x] is the required open set. 

Lemma 1.5.3. Let c : C ^ X x X be a correspondence, and Z G X a closed subset. 

(a) If Z is c-invariant, then Z is locally c-invariant. 

(b) The open subset W{Z) := C \ [c^^Z) \ c^\Z)], where c^^Z) \ c^\Z) is 
the closure of C2^{Z) \ Ci^(Z) in C, is the largest open subset W of C such that Z 
is c\w -invariant. 

(c) Z is c-invariant in a neighborhood of fixed points if and only if the closure of 
C2^{Z) \ Ci^{Z) in C does not intersect with Fix{c). 

(d) Z is locally c-invariant if and only if for each irreducible component S of 
C2^{Z) \ c^^{Z), the closures of ci{S) and C2{S) in X do not intersect. 
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(e) If Z is locally c-invariant, then Z is c-invariant in a neighborhood of fixed 
points. 

Proof, (a) and (b) are clear. 

(c) Z is c-invariant in a neighborhood of fixed points if and only if the subset 
W{Z) from (b) contains Fix{c). This implies the assertion. 

(d) For an open subset U <Z X, the inclusion ci{c2^{Z fl f/)) C Z U {X \ U) is 
equivalent to the inclusion C2^{Z) \ Ci^{Z) C Ci^{X \ t/) U C2^{X \ U). The last 
condition holds if and only if for each irreducible component S of C2^{Z) \ C]^^(Z), 
we have either ci{S) G X \U or C2{S) G X \U. Thus Z is locally c-invariant if and 
only if for each x E Z and each S as above, we have either z ^ Ci{S) or z ^ C2{S). 
In other words, Z is locally c-invariant if and only if each Ci{S) fl C2{S) does not 
intersect with Z. Since C2{S) is contained in Z, this happens if and only if each 
Ci{S) n €2(3) is empty. 

(e) Assume that Z is not c-invariant in a neighborhood of fixed points. Then by 
(c) there exists an irreducible component S oic2^{Z) \c]~^(Z) whose closure S G C 
has a non-empty intersection with Fix{c). Hence Ci(S') fl €2(8) 7^ 0, thus Z is not 
locally c-invariant by (d). □ 

By the following lemma, the notion of local invariance well behaves after a com- 
pactification. 

Lemma 1.5.4. Let c : C ^ X x X be a correspondence and U G X an open subset 
such that Ci^{U) is dense in C , Ci|^-i(^-) is proper, and X \ U is locally c-invariant. 

Then there exists a compactification c:C— >XxX of c such that X \ U is locally 
c-invariant. 

Proof. Set Z := X \ U . First we claim that there exists a compactification X of 
X such that for each irreducible component S of C2^{Z) \ c^^(Z), the closures of 
ci{S) and C2{S) in X do not intersect. 

To show it, choose any compactification X oi X. Assume that there exists S 
such that Ci{S) fl C2{S) 7^ 0. By Lemma 11.5.31 (d), the intersection Ci{S) fl C2{S) 
is contained in X \ X. Replacing X by the blow-up Bl-^^^^-^^^^{X) , we reach the 

situation where the closures of Ci{S) and C2{S) in X have an empty intersection. 
Since the number of irreducible components of c^^(Z) \ Ci^(Z) is finite, we achieve 
the goal after a finite number of blow-ups. 

Choose X as above and extend it to a compactification c:C— >-XxXofc (use 
Remark II. 1.3|) . We claim that this compactification satisfies the required property. 

Note that c^\U) = c^^(t/) C C. Indeed, since c^ (f/) is dense in C and C is 
dense in C, the subset Ci^{U) is open and dense mci^{U). Therefore the required 
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equality Ci-^i^U) = Ci-^i^U) follows from the fact that Cil^-i^^-, = Cil^-ij-j^-^ is proper 
and Ci|j-i(f;-) is separated. 

By what we proved above, C2^(X \ f/) \ c^^(X \ U) = c^^X \ U) n c^{U) 
equals C2^{X \ U) nq^(f/) = c^^(2') \ c^^(Z). Hence by our assumption on X and 
Lemma fl. 5. 31 (d). we obtain that X \ [/ is locally c-invariant, as claimed. □ 

Remark 1.5.5. An important particular case of the lemma is U = X. In this case, 
X \. U = 0, X can be chosen arbitrary, and c^^(X \ [/) \ Ci^{X \ t/) = 0, thus 
X \ [/ is c-invariant. 

1.5.6. Restriction of correspondences. Let c:C^XxXbea correspondence, 
u : C2\clJ-' T & c-morphism, and Z C X a closed subset. 

(a) Assume first that Z is c-invariant. In this case, we denote by c\z '■ C2^{Z)red ~^ 
Z X Z the restriction of c, and by [iz] the closed embedding of c\z into c. Then [iz] 
satisfies assumption (i) of 11.1.81 so u restricts to a cj^-morphism u\z '■= [iz]*{u). 

(b) For a general Z, let W = W{Z) C C be as in Lemma 11.5.31 (b). Then Z 
is c|iy-invariant, and we denote the correspondence (c|vy)|z defined in (a) simply 
by c\z- Moreover, bv ll.l.9| u restricts to a c|vi^-morphism u\w, hence by (a), to a 
c|^-morphism u\z ■= iu\w)\z- 

1.5.7. Example. Assume that C2 is quasi-finite. Then for each closed point x of X, 
the correspondence c\x equals c^^ix) fl Cg ^(x) {x} x {x}. Also Ci^{x) fl c^^(a;) = 
Fix{c\x) is finite. 

For each y G cj"^(x) fl C2 ^(x), the restriction of u\x to {y} — > {x} x {x} gives an 
endomorphism Uy : J-'^ Tx- Explicitly, Uy equals the restriction of : {c2\c\T^x = 
®j/Gc"^(x)('^i-^)y ~^ -^x to {c\T)y = Tx- In particular, the local term LTy{u\^ equals 
Tr(4) (see nisi). 

Remark 1.5.8. The trace Tr(-Uj,) is usually called the naive local term of u at y. 

I. 5.9. Notation. Let c:C^XxXbea correspondence, u : C2\d\T ^ JF a 
c-morphism, and Z C X a closed c-invariant subset. Then the morphism [i^] from 

II. 5.61 is a closed embedding. Hence bv 11.1.61 (a) (ii), u\z extends to a c-morphism 

\^z\\{u\z)- 

Put U := X \ Z, then c-^^^{U) C C2^(f/). Hence the open embedding [jjj] from 
11.1.91 satisfies assumption (i) of 11.1.61 (a), therefore u\u extends to a c-morphism 

[ju]\{u\u)- 

The following proposition, whose proof will be given in Section resembles [PH 
Prop. 2.4.3]. 

Proposition 1.5.10. In the notation of \1.5.yi we have an equality 
Trdu) = Tr^{[iz]\iu\z)) + Tr^{[ju]\iu\u)). 
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2. Main results 
2.1. Contracting correspondences. 

The following definition is crucial for this work. 

Definition 2.1.1. Let c : C ^ X x X he a. correspondence, and Z G X a closed 
subscheme. 

(a) We say that c stabilizes Z, if ci{c2^{Z)) C X is scheme-theoretically contained 
in Z, i.e., if c^{Iz) C C2{Iz) ■ Oc- 

(b) We say that c is contracting near Z, if c stabilizes Z and there exists n G N 
such that Ci(Tz)" C c^ilzT^^ ■ Oc- 

(c) We say that c is contracting near Z in a neighborhood of fixed points, if there 
exists an open neighborhood IV C C of Fix{c) such that c\w is contracting near Z. 

Remark 2.1.2. (a) If c stabilizes Z, then the closed subset Zred C X is c-invariant. 

(b) A correspondence c : C X x X stabilizes a closed subscheme Z C X if and 
only if a closed subscheme c~^{Z x Z) d C equals C2^{Z). Therefore by Lemma 
ll.4.3l fb). c is contracting near Z if and only if c stabilizes Z and the image of {cz)is 
is supported set-theoretically at the zero section Z C Nz{X). 

(c) If a correspondence c is contracting near Z, then the corresponding rigid corre- 
spondence c"^ is contracting near Z"^ in the sense of (Fuf Def. 3.1.1]. Furthermore, 
it is likely that the two notions are equivalent. 

Now we are ready to formulate our first main result. 

Theorem 2.1.3. Let c : C X x X be a correspondence contracting near a closed 
subscheme Z d X in a neighborhood of fixed points, and let j3 be an open connected 
subset of Fix {c) such that c'{(3) r\ Z Then 

(a) (3 is contained set-theoretically in c'~^{Z), hence j3 is an open connected subset 
of Fix{c\z) ■ 

(b) For every c-morphism u : C2\c\T — > we have Tr/3{u) = Trp{u\z)- In 
particular, if (3 is proper over k, then LT^iu) = LT^^ulz)- 

Proof. Choose an open neighborhood W C C of Fix{c) such that c\w is contracting 
near Z. Then Fix{c\w) = Fix{c), therefore neither assertion of the theorem will 
change if we replace c by c|vk and u by its restriction u\w Hence we can assume that 
c is contracting near Z. Moreover, replacing C by an open subset C \ [Fix{c) \ P], 
we can assume that Fix{c) = f5, hence Tr^ = Tr^. For the proof, we will apply the 
construction of 11.4.41 

(a) Since c is contracting near Z, the image of (cz)is is supported at the zero sec- 
tion Z C Nz{X) (see Remark 12.1.21 (h)). Therefore, by Corollary 11.4.51 the image 
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of c!, : Nc'~i(z){P) Nz{X) is supported at Z as well. Hence by the "only if" asser- 
tion of Lemma fl .4.31 (b). there exists n G N such that (c')'(X^)" C {Tci-i{z)Y^^ i or, 
equivalently, {Xf.i-i(^z)Y = {'^c'-^{z)Y^^ C Op. Since /? is Noetherian and connected, 
we conclude from this that (Xc'-i(2))" = 0. Thus [3red = c'~^{Z)redi as claimed. 

(b) Put U := X \ Z. By Proposition 11.5.101 the trace Trdu) equals the sum 
Trc{\iz\\{u\z)) + Trc{\iu]\{u\u))- By Proposition 1 1 . 2 . 51 for the closed embedding [iz], 
we have Trc{\i]z\{u\z)) = i'z\X^c\z{'^\z)- Since {i'z)red is the identity map (by (a)), 
the map i'^, is the identity as well. Thus it remains to show that Trc{[ju]i{u\u)) = 0. 
For this, we may replace u by [jc/]!(M|{/), thus assuming that J-'\z = 0. We will show 
that in this case, Trc{u) = 0. 

By Proposition 11.3.51 for correspondences c and cz, we have an equality 

To prove the vanishing of Trc{u) we will show that the map spc^ vanishes, while 
the map spFix{cz) is an isomorphism. 

As we already mentioned above, the image of (cz)is is supported at Z C Nz{X). 
On the other hand, by Proposition 11.4.21 we obtain that spji^{J-')\z = J^\z = 0. 
Therefore (cz)isSpj^^JF = 0, hence the specialization map spcz vanishes, as claimed. 

Bv 11.3.31 (a), to show that sppix(Zz) is an isomorphism, it will suffice to check 
that Fix(cz)red is isomorphic to {Fix{c)v)red- Recall that by c'~^{Z)red = Fix{c)red 
(by (a)), hence {Fix{c)v)red = {.F'ix{c)^,-i(^^-^)red- Therefore by Corollary ll.4.5| 
{Fix{c)x))red is a closed subscheme of Fix(cz)red- Since the generic fibers of Fix{c)xi 
and Fixicz) are equals, it remains to prove that the special fiber Fix{(cz)s) is set- 
theoretically supported at Fix{c) = {Fix{c)x))s- 

Since {cz)is{Fix{(cz)s)) is set-theoretically supported at Z, the same is true for 
(cz)2s{F'i^i(cz)s))- Hence, by Lemma ll.4.3l fd). Fix{(cz)s) is supported at C2^{Z) C 
-^c-i(z)(^)- -B^t the restriction of (cz)s to C2^{Z) equals the restriction c\z of c. 
Therefore Fix{(cz)s) is supported at Fix{c), as claimed. 

This completes the proof of the theorem. □ 

2.2. Correspondences over finite fields. 

2.2.1. Twisting of correspondences, (a) For a scheme X over F defined over 
¥q, we denote by FTx,q the geometric Frobenius morphism X ^ X over ¥q. 

(b) For a correspondence c : C — > Xi x X2 defined over and n G N, we denote by 
c*^""^ the correspondence (c["\ C2) : C — > Xi x X2, where cS"^ is Fr^^, 

Notation 2.2.2. Let / : F X be a morphism of Noetherian schemes over k. 
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(a) Let Z he a closed subset of X. Then X(j-i(^))^^^ is the radical of Xf-i(^z)- Since 
Y is Noetherian, there exists a positive integer m such that (X(j-i(^))^^^)™ C Xy-i(^). 
The smallest such an m we call the ramification of f at Z and denote by ram{f, Z). 

(b) Assume that / is quasi-finite. Then for each closed point x G X, the ramifica- 
tion degree ram{f,x) is at most dim^ k[f~^{x)]. In particular, the set {ram{f,x)}x 
is bounded. We denote by ram{f) the maximum of the ram(/, x)'s and call it the 
ramification degree of f. 

Lemma 2.2.3. Let c : C ^ X x X be a correspondence over ¥ defined over Fg, let 
Z be a closed subset of X, and let n & N be such that g" > ram{c2, Z) and Z is 
c^"^) -invariant. Then the correspondence c'-"^ is contracting near Z . 

Proof. Denote ram{c2, Z) by rf, and let ^x,q be the arithmetic Frobenius isomor- 
phism X ^ X over F^. Then for every section / of Ox, we have Frj(^g(/) = 

{v-x\) {fY. Therefore (4"^) (Xz) equals (v.3,;;) ci(Jz)«". 

Since Z is c^"'-' -invariant, the sheaf {^^q)' Ci{1^zY" is therefore contained inX^-i^^^^^^^ 

Hence (¥^x;)ci(Xz) C J,-i(^)^^^, thus {cf^)\Xz) C {T^-^^z)^^'' ■ As g" > + we 

conclude that (c^"^)'(X^) C (^c~^(z)^ed)"'^^ ^ implying that c*^"^ stabilizes Z. 

Furthermore, {c^i^)'{XzY is contained in {^c':^^[z)red)'^^'^^^'' ^ {^c':^^{Z)Y^^ i hence c*^"") 
is contracting near Z, as claimed. □ 

Corollary 2.2.4. Let c : C —>■ X x X be a correspondence over ¥ defined over ¥g. 

(a) Let Z be a closed locally c-invariant subset of X defined over ¥q. Then for 
each 72 G N with g" > ram{c2, Z) the correspondence c^^^ is contracting near Z in a 
neighborhood of fixed points. 

(b) If 02 is quasi-finite, then for eachn G N withq"' > ram{c2), the correspondence 
c*^") is contracting near every closed point x of X in a neighborhood of fixed points. 

Proof, (a) Since Z is locally c-invariant and defined over ¥q, it is locally c^""-*- 
invariant. Hence by Lemma [1.5.31 (c) and (e), the open subset W = W{Z) C C 
from Lemma fl. 5. 31 (h) contains Fix{c^^'*), and Z is c*-"^! viz-invariant. Then c^"'''|vf = 
(cliy)*^"'-' and ram{c2\wi ^ ram{c2, Z), hence the assertion follows from Lemma 
l2.2.3l for the correspondence c\w 

(b) As C2 is quasi-finite, every closed point a: of X is locally c*^"^-invariant (see 
ll.5.2|) . Thus, as in (a), the assertion follows from Lemma f2. 2. 31 □ 

2.3. Generalization of a theorem of Fujiwara. 

To formulate our main result, we need the following generalization of construction 
of[rn|(a). 
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2.3.1. Let c : C — s> Xi X X2 be a correspondence, u : C2\clJ^i — JF2 a c-morphism, 



defined as follows. 

Denote by c° : c^^(f/i) — > [/i x X2 the restriction of c, and by the restriction of 
u to c°. Since is proper, the construction of II. 1.71 fa) gives rise to a homomorphism 



As J^i|xi\(7i = 0, the canonical map j\ : RTc{Ui, J-'i\ui) — * -Rrc(Xi,jFi) is an iso- 
morphism. We define RTciu) to be the composition RTclu^) o (ji)^^. 

Now we are ready to formulate a generalization of the theorem of Fujiwara, which 
was suggested to me by David Kazhdan and is crucial for our work KVj. 

Theorem 2.3.2. Let c : C X x X be a correspondence over ¥ defined over ¥g. 

(a) Assume that 02 is quasi-finite. Then for every n with g" > ram{c2), the 
set Fix{c^"''^) is finite. 

(b) Let U d X be an open subset defined over Fg such that Cil^-i^j^^ is proper, 
C2|c-i([7) is quasi-finite, and X \ U is locally c-invariant. 

Then there exists a positive integer d > ram(c2|c-i(-{;)) with the following property: 
For every T G D^jj(X, A) with T\x<u = 0, every n G N with > d and every 
c^'^) -morphism u : C2\{c^i'')*J^ T , we have an equality 



Remark 2.3.3. (a) Both sides of ()2.1|) are well-defined. Namely, TU^c[u) was defined 
in 12.3.11 Uy was defined in 11.5.71 and the sum is finite bv 12.3.21 (a). 

(b) The constant d in 12.3.21 (b) can be explicitly estimated. Namely, one can see 
from the proof that the picture can be compactified, and then 12.3.21 (c) gives an 
estimate for d. 

(c) In the notation of 12.3.21 (b), assume that T G D\^^{X,S^ is equipped with 
a morphism i\} : Fr^^jF T (say, JF is a Weil sheaf) and with a c-morphism 
u : C2\d{T T. Then for each n G N, is equipped with a c*^"-' -morphism 
^(n) ._ y^o^n . c2!(c["''')*jF JF, SO oue cau apply formula (j2.ip . In the case U = X, 
the assertion thus reduces to Deligne's conjecture proven by Fujiwara jFuj. 




f/i is proper and 



/2r,(M°) : RT,{U^,J^^\uJ ^ i?r,(X2, ^"2). 
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Proof, (a) We have to show that each connected component P G 7ro(-Fix(c''"'^)) is a 
point. Pick a closed point x E (c*^"'^)'(/5). By Corollary 12 . 2 . 41 f . the correspondence 
contracting near x in a neighborhood of fixed points. Hence by Theorem 12. 1.31 

(a) , /? is a connected component of a finite scheme Fix{c\x) (see ll.5.7j) . Therefore 
/3 is a point, as claimed. 

(c) Fix n G N with g" > d. By the Lefschetz-Verdier trace formula (Corollary 
ll.2.6p . we have an equality 

(2.2) Tr(i?r,(n))= ^ LTp{u). 

Pick any (3 G 7ro(Fia;(c("))) such that C2{(3) C X \ U. By Corollarv ITTl fa), the 
correspondence c*^"-* is contracting near X \ f/ in a neighborhood of fixed points. 
Therefore by Theorem 12. 1.31 /3 is a connected component of Fix{c\^^\^), and LTp{u) 
equals LTfj{u\x-^u)- However, J-'\x-^u = 0, hence u\x^u vanishes. Thus LTp{u) = 
LTp{u\x^u) vanishes as well. 

Pick now any P G 7io{Fix{c^"'^)) such that C2{P) Hf/ 7^ 0. By (a), such /3 is simply 
a point y G Fix{c^"'^) Dc'^'^iU), while by Corollary 12. 2. 41 (b). the correspondence c*^"-* 
is contracting near C2{y) in a neighborhood of fixed points. Hence by Theorem 12. 1.31 

(b) , LTpiu) equals LTy{u\x). Thus bv 11.5.71 it equals Tr(My). This shows that the 
right-hand side of ()2.2|) is equal to that of ()2.1|) . as claimed. 

(b) For the proof we can replace c and u by their restrictions to c^^iU). Then 
the assumptions of Lemma 11.5.41 are satisfied, hence there exists a compactification 
c : C ^ X X X oi c such that X \ ?7 is locally c-invariant. 

Denote by c° : cj~^([/) — f/ x X the restriction of c, by v? the restriction of m 
to c°, and by [j] = {j^,jco,j) the inclusion map of c° into c. Since is proper, 
[j] satisfies assumption (iii) of 11.1.61 (a). Therefore extends to a c-morphism 
u := IMu^) : C2^clT T, where T := jiJ" = j?{J^\u)- 

We claim that the equality ()2.1|) for c, U and u is equivalent to that for c, U and 
u. Indeed, the equality Tt{RTc(u)) = Tr(_Rrc(M)) follows from ll.l.TI (c). while the 
equality TT{uy) = Tr{uy) for each y G Fix{c^'^^) flCg ^(?7) follows from the definition. 
This shows that assertion (b) is a consequence of (c). 

This completes the proof of the theorem. □ 

3. Theorem of Verdier 

The goal of this section is to prove Proposition 11.4.21 Set U := X \ Z, let 
z : Z > X and j : U ^ X he the natural embeddings, and denote by Cx,z{^) the 
cone of the morphism spj^ i^)\z T\z from p.8|) . We claim that Cx,z(^) = 
for all X, Z and all T G D\{X, A). 
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3.1. Contractible case. 

In this subsection we will prove Proposition 11.4.^ in the case X = A^, Z := {x & 
A^|a;'^ = 0} and JF = A^. Though this case can be easily done by direct calculation, 
we will deduce it from the fact that X is contractible to Z. (This approach was 
suggested to us by David Kazhdan). 

Definition 3.1.1. We say that a scheme X is contractible to its closed suhcheme Z, 
if there exists a morphism H : X x ^ X such that 

(i) H\xx{i} : X ^ X is the identity; 

(ii) H{X X {0}) and H{Z x A^) are scheme-theoretically contained in Z; 

(iii) the restriction H\z^^^-xh^ is the projection vr : Z^ed x A.^ ^ Z^ed C X. 

Example 3.1.2. Let X = and Z := {x G K^\x'^ = 0}. Hence X is contractible 
to Z via the contraction map H : (x, a) ^ xa. 

Lemma 3.1.3. Proposition \1.4-^ holds, if X is contractible to Z and JF = A. 

Proof. For each a G A^, denote by ia the inclusion X = X x {a} X x A^, and 
set Ha := H o ia : X ^ X . Then Hi = Idx, and Hq factors through i : Z "—y X. 
Since Ha{Z) is schematically contained in Z (by (ii)), Ha lifts to a morphism Ha 
Xz Xz (by Lemma 11.4.31 fa)). Since {Ha)s\zr^d the identity (by (iii)), the base 
change morphism BC* of 11.3.21 (b) corresponding to Ha induces a morphism 

(Pa ■■ sp^^iA)\z = [{Ha):sp^^{A)]\z ^ sp^^iA)\z. 

Then (pi is the identity map, while (po factors through the morphism spj^^ {A)\z Az 
from (jl.8p . Thus it will suffice to show that (pa is independent of a G A^. 
Consider the endomorphism 

: 7i*isp^^iA)\z) = [H*sp^^{A)]\zy,A^ ^ t^^i^i^^^, (^)]I^xa^ ^ ^*(^PxJA)U) 

of TT*{spj^^{A)\z) G D'^{Z,A), obtained as a composition of the the base change 
morphism BC* of 11.3.21 (b) corresponding to H and the inverse of the base change 
morphism BC* corresponding to the (smooth) projection tt : X x A^ — »• X. 

Since Ha = H o ia, ti o ia = Idx, and base change morphisms are compatible with 
compositions, the fiber of (p over each a G A^ equals (pa- Therefore the assertion 
follows from Lemma f3 . 1 .41 below. □ 

Lemma 3.1.4. Let X and Y be schemes over k such that X is connected. For every 
A,B e D^^iY, A) and every (p G Hom(A ^A,A^B), its restriction (p^ G Hom(^, B) 
to {x} X X = X is independent of x E X . 
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Proof. Note that Horn (A ^ A, A ^ B) is canonically isomorphic to 

H^{RT{X X Y, nHom{A mA,AmB))= H^{RT{X, A) ® RT{Y, nHom{A, B))), 

while Hom(^,-B) = H^{RT{Y,nHom{A, B))). Moreover, the restriction (j) ^ (t)x 
is induced by the pullback i* : RV{X,A) RV{{x}, A) = A corresponding to the 
embedding : {x} ^ X. Since X is connected, the pullback z* is independent of 
X E X, as claimed. □ 

3.2. General case. 

To deduce the general case from the one considered in Subsection 13.11 we follow 
Verdier |'Ve, pp. 354-355]. 

Lemma 3.2.1. Let f : X' ^ X be a morphism of schemes over k, Z G X a closed 
subscheme, Z' = f~^{Z), and let fz'-Z'^Z be the restriction of f . 

(a) Iff IS proper, then for each T G D,^(X', A), we have Cx,zif\J^') = fz\{Cx',z'{:F')). 

(b) Iff IS smooth, then for each T e Dl{X,A), we have Cx',z'{f*J^) = f*z{Cx,z{J^)). 

Proof. Let / : X' z' Xz the morphism lifting / (use Lemma 11.4.31 (a)). If / is 
proper (resp. smooth), then / is proper (resp. smooth) as well (by Lemma ri.4.3l fe)). 
Then the assertion follows from the proper (resp. smooth) base change theorem. □ 

3.2.2. Reduction steps. 

(I) By construction, the morphism (jl.8p is an isomorphism when Z = X (compare 
Remark l3 . 2 . 51 below) . Hence by Lemma [3.2.11 fa) for the closed embedding i : Z ^ 
X, we obtain Cx,z{i\i* ^) = Cz,z{i*^) = 0. Therefore for each g D^(X, A), the 
canonical morphism C{j\j*J-') C{J^) is an isomorphism. Hence it will suffice to 
show the assertion under the additional assumption T\z = 0. 

(II) Let / be the blow-up X' := Blz{X) X. Since / induces an isomorphism 
X' \ f-^{Z) ^ X \ Z, while J^U = 0, we have = fif*J^. Thus by Lemma ITTT] 
(a) for /, the assertion for (X, Z, JF) follows from that for (X', /~^(Z), /*JF). In 
particular, we can assume that Z C X is a Cartier divisor. 

(HI) Since the assertion is local, we can assume that X is affine and Z C X is 
given by one equation (by (II)). Then there exists a closed embedding f : X "—>■ A" 
such that Z := /~^(A"~^ x {0}). By Lemma 13.2.11 (a) for /, the assertion for 
(X, Z, JF) is equivalent to that for (A*^, A'"^^ x {0}, /iJF). Thus it is enough to prove 
the assertion for X = A" and Z = A""^ x {0}. 

Claim 3.2.3. Assume that X is normal, Z G X is given by one equation / = 
and T\z = 0. Then Cx.z{^) vanishes at each generic point of Z . 

Proof. Since the assertion is local, we may assume that both X and Z are irreducible. 
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Assume first that T = j\Au. Since X is normal, we can replace it by open subset 
(containing the generic point of Z) such that Zred is smooth. Further shrinking 
X, we can assume that exists a smooth morphism / : X — > such that Z^ed = 
/~^(0). Then there exists /c G N such that Z = /"^{{x^ = 0}). The vanishing 
of Cxzi-^x) then follows from Lemma [3.2.11 (h). Lemma (3.1.31 and Example 13.1.21 
Hence CxAJ'M) = CxA^x) = by 11221(1). 

For the general case, we may assume that A is finite. Next, since C{J-') 
is a triangulated functor, we can assume that JF is a sheaf (and not a complex of 
sheaves). Then replacing X by an open subset (containing the generic point of Z) 
we may assume that JF = j\Q for some local system Q on U . We will show by 
induction on k that the cohomology sheaf Ti.^{Cx,z{^)) vanishes generically. 

When k < 0, the assertion is clear. For the induction step, choose a finite etale 
covering f : U' ^ U such that the local system f*Q is trivial, and let f : X' —>■ X 
be the normalization of X extending /. Denote Q' the cokernel of the natural 
embedding Q ^ f\f*Q- Then Q' is a local system and j\Q' is the cokernel of the 
embedding JF /,/ JF. 

By what we proved above and Lemma l3.2.1l fa). Cx,z{f\f ^) vanishes generically. 
Hence by the long exact sequence for the cohomology we see that 'H'^{Cx,z{^)) is 
generically isomorphic to 'H''~^{Cx,z{j\Q'))- Hence it vanishes by the induction 
hypothesis. □ 

3.2.4. Completion of the proof. Bv I3.2.2| it will suffice to prove the assertion 
for X = A" and Z = A"^^ x {0}. We will prove the assertion by induction on n. 
If n = 1, then Z is a point, so the assertion follows from Claim ESiSl 
Assume now that n > 1. Let Y <Z Z he the closure of the support of Cx,z{^)- By 
Claim IT. 2. 31 Y ^ Z. Hence by Noether normalization theorem, there exists a line 
I G Z G X such that the restriction to Y of the linear projection q : X ^ X' := X/l 
is finite. 

Put Z' := Z /I G X' ,\etq : X ^ X' be the compactification of g, set Z := q^^{Z') 
and let !F e D'^{X,A) be the extension of JF by zero. Then it follows from Lemma 
13.2.11 fa) and the induction hypothesis that q\iCx-^{J-')) = Cx',z'(jl\^) = 0. On the 
other hand, Cxzi^) is supported on Y := Y U {Z \ Z) , while the restriction g|y is 
finite. Therefore C^^i^^) = 0, hence Cx,z(-F) = 0. 

Remark 3.2.5. Similar (but simpler) arguments can be used to prove that for all 
JF e D^(X, A), the map J-' — > sp^^ from I1.3.1?! (a) is an isomorphism. (This fact 
was implicitly used in the definition of the map (jl.8|) ). 

Denote the cone of JF — > sp^J-" by Cx{^)- For a morphism / : X' — >■ X we 
have Cx ° f\ — f\ ° Cx', if / is proper, and Cx' ° f* — f* ° Cx, if / is smooth. In 
particular, as in 13.2.21 (HI), we reduce to the case X = A". 
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To show that Cx {^) vanishes generically, we may assume that is a sheaf. Next 
passing to an open subset of X, we may assume that X is smooth and ^ is a local 
system. Then passing to an etale cover of X, we may assume that = Ax- Since 
X is smooth, we are reduced to the case X = pt, in which case it is standard. The 
rest of the proof goes as in 13.2.41 word-bv-word. 

4. FUNCTORIAL PROPERTIES OF TRACE MAPS 

In this section we will prove a result that generalizes both Proposition 11.2.51 and 
Proposition 11.3.51 

4.1. Cohomological morphisms. 

4.1.1. Cohomological pre-morphisms. (a) Let c:C— >XxXbea correspon- 
dence. Then c gives rise to a diagram 



Fix{c) X 



(4.1) A' 



A 



C X X X ^"'~'''> X pt(= Specfc), 

and we denote by 06(c) and Mor{c) the sets {X, X x X,C, Fix{c),pt} and 

{{ldz,nz)zeOh(c);c,c',A,A';pi,Ci := o c, (i = 1,2); c" := co A' = Aoc}, 

respectively. In other words, Ob{c) and Mor{c) are the sets of objects and morphisms 
"appearing in ()4.H) ". 

(b) Let c : C X X X and c:C^XxXbea pair of correspondences. We 
denote by ^ the natural bijections 06(c) ^ 06(c) and Mor{c) ^ Mor(c). By a 
cohomological pre-morphism from c to c we mean a collection 

{{fz, tz}zeOb(c); {BC*, BCg}g; 

where 

• /z is a functor D\f{Z, A) ^ D\^f(Z, A); 

• is a morphism of functors fzA ® fzB fz{A0B); 

• BC* is a morphism of functors g*fz2 ~^ fzig*', 

• BCg is a morphism of functors fzig' g'fz2] 

• t is an isomorphism /ptApt — > A:j^. 

(c) For each Z e Ob(c) and g : Zi ^ Z2 & Mor(c), cohomological pre-morphism 
{fz, tz; BC*g, BC-g, l) gives rise to: 

(i) morphism vr^ : fz^z = /z(vr^Apt) — Tr^ptApt ^r^Apt = 
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(ii) morphism rz ■ fzT^Hom{A,B) — > TZHom{fzA,fzB), adjoint to 

fzUHomiA, B) ® fzA fz{nHom{A, B) ® A) ^ fzB; 

(iii) morphism dz : fz^A TZHomifzA, fzKz) ^ D/^^; 

(iv) morphism BC^g : fz29* ~^ 9*fzi, adjoint to the composition 

9 JZ29* — ' fzi9 9* — ^ M; 

(v) morphism BC\g : g\fz2 ~^ fz]_g\, adjoint to the composition 

„ adj J, I BC[ _, 

Jz2 — ' JZ29'9\ — ' 9'Jzi9\- 

(d) If {fz, tz] BC*, BCg] l) is a cohomological pre-morphism from c to c, and 
(/z) %j -^^5^'^) ^ cohomological pre-morphism from c to c, then the compo- 
sition {f-z°fz: tz o t-^; BC* o BCj, BC^o BCy, lo t) is a cohomological pre-morphism 
from c to c. 

Notation 4.1.2. (a) Let c° and c° be open sub correspondences of c and c, respec- 
tively. For each Z e Ob(c) (resp. g e Mor(c)) we denote by Z° (resp 51°) the 
corresponding element of Ob(c°) (resp. Mor(c°)). 

(b) We say that a cohomological pre-morphism {fz, tz] BC*, BCg] l) from c to c 
extends a cohomological pre-morphism (fz^^jtz"', BC*o, BC'^o', from c° to 7p, if 

(i) for each Z G Ob(c) and A G ^^^^(Z, A), we are given an isomorphism 
fzo{A\zo) ^ fz{A)y; 

(ii) the isomorphisms of (i) identify tzo with tz\^, BC*o with BCg\-^o, and 
SC-o with 5C;|^o. 

Definition 4.1.3. (a) A cohomological pre-morphism {fz,tz',BC*,BCg;L) from c 
to c is called a compactifiable cohomological morphism, if it satisfies the following 
axioms: 

(I) Each tz is commutative and associative. 

(II) The composition /ptApt (g) /ptApt ^ /pt(Apt ® Apt) = /ptApt A^ equals 
i(g)L: /ptApt ® /ptApt ^ A^ ® Apt = A^. 

(III) Each -BCidz ~ -'-^/z' S'l : -Z^i — >^ Z2 and g2 '■ Z2 ^ Z3 in Mor(c), 

the morphism BC* decomposes as glg2fzs — ^ 9*ifz2g2 — ^ fz-^glgl- 
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(IV) For each g : Zi ^ Z2 e Mor(c) and A,13 e ^^^^(^2, A), the following 
diagram is commutative 



Bc;<s,Bc; 



Bc; 



(V) Each morphism of functors dz '■ fz^ D/z is an isomorphism. 

(VI) For each g G Mor{c) such that g and g are proper, the base change morphisms 
BC^^g and BC\g are isomorphisms, and BC\g is inverse to BC^g. 

(VII) Cohomological pre-morphism {fz,tz]BCg,BCg]L) can be extended to a 
cohomological pre-morphism between compactifications of c and c satisfying axioms 
(I)-(VI) above. 

(b) A cohomological pre-morphism {fz,tz;BC*,BCg;L) from c to c is called a 
cohomological morphism, if it decomposes as a composition of finitely many com- 
pactifiable cohomological morphisms. 

4.1.4. Basic examples. 

(a) Proper push-forward. Let [/] = {f,f\f) be a proper morphism from a 
correspondence c: C — >XxXtoc: C ^ X x X. Then [/] gives rise to a 
compactifiable cohomological morphism defined as follows. 

For each Z G 06(c), [/] defines a proper morphism [f]z : Z ^ Z such that 
[/]pt = Id and go [f]z^ = [f]z^ o g for all g : Zi ^ Z2 e Mor{c). Hence [/] gives 
rise to a cohomological pre-morphism (/^, t^; BC*, BC^; l) from c to c, where fz is 
[/]z* = tz is the morphism of ()0.1|) . i is the identity, -BC* and i?C^ are 

the usual base change morphisms g*[f]z2* ~^ [f]zi*g* and [f]zi\g' — ^ g'[f]z2U while 
EC^g and BQg are isomorphisms [/]z2*5'* 9Af]zi* and [/]z2!5'!- 

We claim that the pre-morphism defined above is actually a compactifiable co- 
homological morphism. Indeed, axioms (I)-(IV) easily follow by adjointness, while 
axiom (VI) is clear. Next axiom (V) follows from fact that dz coincides with the iso- 
morphism [f]z*TZHom{A, [f\'zK^) TZHom{[f]z\A, K^) , obtained by the sheafifi- 
cation of the adjointness IIom(^, [/]^-f%) — ^ IIom([/]^!^, K^-). 

Finally, to prove axiom (VII) it remains to show that [/] extends to a morphism 
[f*] between compactifications of c and c. To construct [/*], we argue as in Remark 
11.1.31 Namely, first choose a compactification c* : C ^ X x X of c, next choose 
a compactification X* of X such that / extends to a morphism /* : X* — > X , 
and finally choose a compactification C* of C such that {f\c):C^Cx (X x X) 
extends to a morphism (/^'*, c*) : ^C* x {X" x X*). Then [/*] = (/*/^'*, D is 
a required morphism between compactifications c* and c*. 
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(b) Specialization. Let c:C— >XxXbea correspondence over k, and let 
c : C X X X he a. correspondence over V lifting c. Then c gives rise to a 
cohomological morphism from c to c := defined as follows. 

Replacing c by its pullback to V^, we may assume that R is strictly henselian. 
For each Z G Ob{c), c defines a lift Z of Z, while for each g : Zi ^ Z2 & Mor{c), c 
defines a lift g : Zi ^ Z2 of g, whose special fiber gs is the corresponding morphism 
'g : Zi ^ Z2 E Mor{c). Hence c gives rise to a cohomological pre-morphism 
{fz,tz',BC*,BCg;L) from c to c, where fz is sp^, (thus /pt is spD = Id), l is 
the identity, BCg, BC*, BC\g and BC^g are the maps of I1.H.2I (b), and finally tz '■ 
sp^-A ® sp^B — >• i3) is the morphism 

We claim that this pre-morphism satisfies axioms (I)- (VI) of Definition 14.1.31 
Indeed, axioms (I)-(IV) follow by adjointness, axiom (VI) follows from the proper 
base change theorem (implicitly used in the definition of BC\g), while axiom (V) 
follows from the corresponding assertion for the functor ^f^, proven in |I13t Thm. 
4.2]. 

Assume first that c extends to a correspondence proper over T>, lifting a com- 
pactification of c. In this case, axiom (VII) clearly holds, thus our cohomological 
pre-morphism is actually a compactifiable cohomological morphism. 

In general, it follows from Corollarv l4.1.6l below. that there exists a correspondence 
: C ^ X' X X' over T> lifting c and a proper morphism [/] from c' to c such that c? 
extends to a correspondence proper over V, lifting a compactification of c. Therefore 
our cohomological pre-morphism decomposes as a composition of two compactifiable 
cohomological morphisms: the one from c to c?^, defined by c?, and the one from 

to Cs, defined by [f]^. This proves the assertion. 

Lemma 4.1.5. Given a scheme X over k, a lift X of X over T>, and a compacti- 
fication X of X , there exists a lift X of X , proper overV and an open subscheme 
X G X lifting X and proper over X . 

Proof. Choose any compactification j : X ^ X" over D, define X' be the closure 
of the image of (j, </?) : X ^ X" x X-p, and define ^p' : X' ^ Xx> be the projection. 
By the construction, X' is a lift of X, proper over X^i, and X C X' is an open 
subscheme. 

It follows from the explicit form of Chow's lemma (see, for example, |("o| Thm 
2.1]), that there exists a closed subscheme Z C Xx), supported set-theoretically at 
X, such that the blow-up Bz{Xd) — > Xu factors through X' — > X-p. If we denote 
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by Z G X the schematic closure of Z, then the assertion of lemma holds with X 

^0 _ 

equal the blow-up Bl^^X-p) and X equal the preimage of X in BIz{Xd). □ 

Corollary 4.1.6. In the notation of \4-l-4\ (b), there exists a correspondence c' : 
C —>■ X' X X' over T> such that H lifts c, c' is proper over c and for every compact- 
ification c : C ^ X x X of c, extends to a correspondence c which is proper over 
V and lifts c. 

siS> — siS> — ~ 

Proof. Let X G X and C G C correspond by the lemma to triples (X, X,X) 

and (C, C, C), respectively. Denote by C and C the closures of the embeddings 

2^ SI. ^0 ^0 ^0 _ ss ss 

Cri CxXxX and Cr, C x X x X , induced by c and c, and let c : C ^ X x X 

~o —'0 —0 —0 crO 
and c : C X x X be the projection maps. Then the correspondences c and 

c satisfy all the required properties. □ 

Remark 4.1.7. If c is the correspondence cz from then it extends to a cor- 

respondence proper over V and lifting c. Therefore in this case the cohomological 
morphism, defined in 14. 1.41 fb) is compactifiable. However, we do not know whether 
this is true in general. 

4.2. Properties of compactifiable cohomological morphisms. 

Fix a compactifiable cohomological morphism {fz, tz', BC*, BC^; l) from c to c. 

Lemma 4.2.1. (a) For each Z G Ob(c), we have BC[^^ = Idj^. For for each 
gi : Zi ^ Z2 and g2 : Z-^ ^ Z3 in Mor(c), we have BC^^^g^ = BC^^ o BC^^ . 

(h) For each g : Z\ ^ Z^ G Mor(c), the morphism nz^ '■ fziKzi — > K^-^ decom- 

poses as fz^g Kz^ — > g fz^Kz^ — > ff^z^- 
(c) For each commutative diagram 

Zi > Z2 



53 



94 



Zz — - — ^ ^4 



in Mor(c), the following diagrams are commutative 

JZ39294* < 92JZ4g4* ^ 929iJz2 

(cl) BC 



BC 



BC, 



fz3g3*9l ' 93Jzi9t ' 9 3*9*1 f. 



Z2 
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(c2) 



BC 



BC, 



'■33 ^ 



93\9'ifz2 

BC 



' g2JZi9A\ < 929^1 J Z2 



Proof, (a) The assertion is local, so we can replace c and c by their compactifica- 
tions, thus assuming that gi, g2, 'Qi and ^2 proper. Now the assertion follows 
from axioms (III) and (VI). Namely, axiom (III) imphes the corresponding assertion 
for BC^ (by adjointness), hence for BC\ (by axiom (VI)), and finally for EC- (by 

adjointness). 

(b) Since nz^ is the composition of BCl and i, the assertion follows from the 
equality BC\^^ = BC^^^ o EC^, proven in (a). 

(c) we will prove the commutativity of (cl), while that of (c2) is similar. 

Put g :— g2 o g3 — g4 ° gi- Then by axiom (III), we have BC*^ o BC*^ — 



adj 



BC* = BC*^ o BC*^. Since the composition g3*fz;g3* — ^ fz^9*393* — ^ fz^ equals 

— * f BC, 
93 JZ-j,93* 



93*93Jzi ^ fzj, while the composition g^fz^gA* fz29l9i* ^ 



fz2 equals g4*fz494* 9i9A*fz2 
are adjoint to the composition 



both morphisms g*2fzi94* ^ 93*fzi9*i 



9*fz^9i* 
Hence they are equal. 



BC* 



adj 



fzig*gi* = fz^glglgi* — > fz^gi*- 



□ 



Lemma 4.2.2. For each g : Zi ^ Z2 E Mor(c), the following diagrams are com- 
mutative 



fzjA®rfz2B 



BC* 



BC'„ 



fzjA®fz,g*B fzJiA®B) 



BC' 



gfz2A®Tfz2B 



g- —I 
)• ' 



g\fz2A0fz2B) ffz2{A®B)- 



fzJnHom{A,B) 



BC 



g —I 

> — 



g'fz2nHom(A,B) 



^ fnHom{fz2Afz2B) 



t-< 



fz,nHorn{g*Ag'B)-^nHorn{fz,g*AJzjB)^^^^^nHorn{rfz2A,tfz2B)^ 
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Proof, (a) The assertion is local, so we can replace c and c by their compactifications. 
Thus we can assume that g and g are proper. Now the assertion follows from axioms 
(IV) and (VI) by adjointness. Namely, the diagram adjoint to (a) extends to the 
diagram 



proj 

(4-2) gJ,^gU®fz,B 
BCu 

fz29i9'A® fz2B 



gJzA9-A®g*B) 

BC,, 

fzM9-A®g*B) 

proj 



adj 



gJzJ{A®B) 

BCu 

fzM\A®B) 

adj 

fzM®B). 



— ^ fzM9-A®B) 

The top right inner square of ()4.2|) is commutative by functoriality, while the bottom 
right inner square is commutative by the definition of tg\ . 

For the left inner square of ()4.2|) . recall that g and Ij are assumed to be proper, 
therefore by axiom (VI) all the vertical morphisms are isomorphisms. Therefore we 
can replace g\ by g^, 'g\ by 'g^ and all vertical morphisms by their inverses. Then by 
adjointness, we get a diagram 



(4.3) 



fzJ-A®fz,g*B 

adj 

fz,g*g*g'A0fz,g*B 



fzA9-A®g*B) 

adj 

fzA9*9*9-A®g*B) 



Bc;(gjBc; 



BC*„ 



rfzM-A^rfz^B 



Tfz2{9*9A®B). 



As the bottom inner square of ()4.3p is commutative by axiom (IV) , and the top one 
is commutative by functoriality, we obtain that diagram ()4.3|) and hence the left 
inner square of ()4.2|) is commutative. This completes the proof. 

(b) The assertion follows from (a) by adjointness. Namely, consider diagram 



fz,g'-nHom{A,B)^rfz2A 
(4.4) Bcl^^ 

tfz2nHom{AB)®rfz2A 



fzJ{nHom{A, B)®A) 



BCl 



g-fz2{nHom{A,B)(^A) 



fzjB 



BC- 



9'fz2B, 



where the left inner square is the commutative diagram of (a). Since the right 
inner square of ()4.4|) is commutative by functoriality, the exterior square of ()4.4|) is 
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commutative. Since the composition maps 

fzJnHom{A, B) ® rfz,A ^ g' fz,B, 
of the exterior square of ()4.4j) . are adjoint to the composition maps 

fzJnHom{A,B) ^ 'RHom{g*fz,A.tfz,B) 
of the diagram (b), we obtain the assertion. □ 
Notation 4.2.3. (i) For Z G Ob(c), denote by iz : A^- fz^z the composition 

TT^A^ vr^ptApt ^3 /z(7r|Az) 
and by h% : H^{Z,A) H'^(Z, fzA) the composition 

Hom(Az, A) ^ EomifzAz, fzA) ^ Hom(A^, fzA). 

(ii) For AS G Dl,^{X,A), denote by n^,B : fx A K ^ /xxx(-4 K i3) the 
composition 

BC* ®BC* tY~.Y 

rjxA^vlfxB fx.xPlA^fx.xPlB ^ fxMPlA® p^B). 

Lemma 4.2.4. (a) For each g : Zi ^ Z2 & Mor(c), the morphism iz^ '■ A-^^ — >■ 

/ziA^, decomposes as g*A-z^ — > g*fz2Az2 — ^ fzig*Az2- 

(b) The identity morphism Id/^^ decomposes as 

tzotz: fzA = fzA (S)Az^ fzA ® fzAz fz{A® Az) = fzA. 

(c) Each morphism fz : Hom(^, i3) Yiovii{fzA,fzB) decomposes as 

j-fi 

H^{Z, nHom{A, B)) ^ H%Z, fz{nHom{A, B))) H%Z, TZHomifzA, fzB)). 

(d) For each g : Zx ^ Z^ ^ Mor(c), the composition 

R\Zx.A) = H\Z2,g.A) ^ H\Z,Jz,g.A) H%Z„gJz,A) = H^Z.JzA) 

equals : H\Z,,A) ^ H^(Zljz,A)- 

(e) Morphism tx '■ fxA ® fxB fx{A^ B) decomposes as 

'K{fxA K fxB) AVxxxM K i3) ^ /xA*(^ M B). 



(f) The diagram 



PlfxKx P\K^ P2^x 



JxxxPiKx > JXXXP2AX ^ P2JXA 



X, 
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where we denote by BC base change morphismspln'^A-^ — > P2^;^^pt o-ndplTTx Apt — >■ 
pl^TTxApt, is commutative. 

Proof, (a) Since iz^ is the composition of l and BC*^ , the assertion follow from the 
equality BC*^^ = BC; o BC*^^ (axiom (III)). 

(b) Since the composition 

(4.5) fzA ® fzBA ^ fziA ® BA) ^ fzKz ^ K^, 

induces an isomorphism /^D^ ^ BfzA (axiom (V)), it will suffice to check that 
the composition 

(4.6) fzA ® fzBA fzA ® fzBA S 

equals ()4.5|1 . By associativity and commutativity of tz (axiom (I)), the map ()4.(jj) 
decomposes as a composition 

fzA ® fzBA fzKz ^ fzKz ® fzAz ^ fzKz ^ K^. 
Thus we have to show that the composition 

fzKz ^ fzKz ® fzAz ^ fzKz ^ 

equals ttz- Using axiom (II), the assertion reduces to the commutativity of diagram 
(a) of Lemma [4.2.21 in the case g = ttz and A = B = A-^- 

(c) For each y G IIom(^, B), the element rz o h%{ii) G IIom(/2^, fzB) equals the 

composition fzA ^ fzA^fzAz fzA fzB. Hence by (a) it equals fz{y), 
as claimed. 

(d) Since BC^g is defined by adjointness from BC*, the composition sends mor- 
phism {g*Az,, A) G Eom{g*Az2,A) = H°{Zi,A) to the morphism 

(TAz, ^ TfzAz, ^ fz,9*Az, ^ fzA) e Hom(rAz„ /z,^) = H\Z,, fz,A). 

Therefore the assertion follows from (a). 

(e) Using identities j9j o A = Idx and p^o A = Id^, we can form a diagram 

AyjxA ® A*p*fxB^^^^^A*fx.xPlA ® A^fx.xP^B ^S^^ f^A ® fxA 



txxx 



tx 



fxA®fxB A fxMPlA^plB) fx{A(^B). 

Its left inner square is commutative by the definition of Il^^g, while the right inner 
square is commutative by axiom (IV). Since the composition of the top horisontal 
morphisms is the identity by axiom (III), the assertion follows. 
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(f) The assertion is local, so we can replace c and c by their compactifications, 
hence we can assume that all morphisms in question are proper. By adjointness, we 
have to show the commutativity of the diagram 



P2\PifxKx 



BC 



T^*XT^ X\fxKx 



(1) 



(4.7) BCp^oBc;^ 



BC'^oBCL 



fxxXP2\PlKx ^'^ > fxxxTr*x^x\Kx — U 



fxA 



x, 



where (1) is induced by the morphism ifxifxKx adjoint to ttx- Since all 

morphisms are assumed to be proper, the commutativity of the left inner square 
of ()4.7|1 follows from Lemma 14.2.11 (cl) and axiom (VI). Next by Lemma 14.2.11 (b) 
applied to nx, the map (1) decomposes as a composition 



T^xifxKx — ^ fptT^xiKx /ptApt 



A^. 



Since ix decomposes as tt^A^^ — > 7r^/ptApt — ^ /xTr^Apt, the commutativity of 
the right inner square of ()4.7|) follows. □ 



4.3. Compatibility with trace maps. 

Now we formulate the main result of this section, whose proof will be given in 
Subsection 14.41 

Theorem 4.3.1. For every cohomological morphism (fz, tz] BC*, BC'^; l) from c to 
c and every T G -D^^j(X, A), the following diagram is commutative 



{BC*^,BC[^)orc 

nHom{c\fxJ'AfxJ') 



fcilrj 



fc^'^Kpixic) 



Corollary 4.3.2. For every cohomological morphism {fz,tz',BC*,BCg;L) from c 
to c and every T G D\^AX,tC), the following diagram is commutative 



(4.9) 



ctf 

Hom(c2!CiJF, JF) 

BC*^oBC,,^ofx 

Hom(c2!C^/x-?^, fxJ^) 



H\Fix{c),KF,xic)) 



H\Fix{c),Kf,, 



(c)J 
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Remark 4.3.3. Since the assertions of the theorem and the corollary are compatible 
with compositions, we can assume that cohomological morphism {fz, tz; BC*, BC'^; l) 
is compactifiable. Thus we can apply the results of Subsection 14.21 

Proof of the Corollary. By Theorem I4.H.H the diagram 



(BCt^,BC[^)orcohl 



H\C,nHom{c\fxT,l^Jx:F)) 



■^Fzx(c)°BC^^,oh^. 



is commutative. Therefore it will suffice to show the commutativity of the following 

two diagrams: 

(4.10) 



B.om{c2\clJ^i, J^2) 

fx 

Hom(/xC2!C*.Fi, /x^2) 



adj 



Hom(cJjFi, 4JF2) 

fc 

Hom(/ccl.Fi,/c4^2) 



BC;^oBC,,2 



Hom(c2!C^/x.Fi,/x^2) 



adj 



(BC*^ ,BCi^ ) 



.Hom(ct/xJ-i,4/x^2) 



rcoh'^. 
{BC;^,BCl^) 

■.H\C,nHom{clfxJ'iAfxT2)) 



(4.11) 



i/o(c,A:ir^,,(,)) 

H^{C , ^'^fFix(c)KFix{c)) 



ix(c) ) 



H^{Fix{c), fFix{c)KFix{c)) 



"^Fixic) 



H\Fix{c),Kf,, 



'ix(c) ) 



The top right inner square of ()4.10|) is commutative by Lemma r4.2.4l fc). The bottom 
right inner square of ()4.10j) is commutative by functoriality. The commutativity 
of the left inner square of ()4.10p follows from the adjointness of BC\c^ and BC\^. 
Finally, the bottom inner square of (|4.1ip is commutative by functoriality, while the 
commutativity of the top inner square of ()4.11|) follows from Lemma 14.2.41 (d) . □ 

4.3.4. Proof of Propositions 11.2.51 and I1.3.5L 

Both results follow immediately from Corollary 14.3.21 and 14.1.41 Namely, in the 
case of cohomological morphism of 14.1.41 fa), diagram (j4.9p specializes to diagram 
()1.5|) . while in the case of cohomological morphism of 14.1.41 (b). diagram ()4.9|) spe- 
cializes to diagram p.7|) . 
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4.4. Proof of Theorem 

4.4.1. Particular case. First we will prove the assertion in the particular case 
c = Idxxx and c = Idx^x- By the definition of the trace maps, in this case 
diagram ()4.8p extends to diagram 



X 



(4.12) 



{BC*,BCL)orxxX 



PI ' ^P2' 
-I 



■RHomijilfxJ'^Afxr) < fxBJ^^fxJ" > A^K^. 

We claim that both inner squares of ()4.12|) are commutative. 

4.4.2. Proof of the commutativity of the right inner square of (j4.12j) . 

Consider diagram 



A7xxx(D-^K-^) /xA*(D^K.F) fxKx 

(4.13) /xD^®/x^ fxiBJ^^r) fxKx 

TTX 



We claim that all three inner squares of (j4.13p are commutative. Indeed, the bottom 
inner square of (|4.13|) is commutative by the definition of dx- The top left inner 
square of ()4.13j) is commutative by Lemma [4. 2. 41 (e). while the commutativity of the 
top right inner square of ()4.13|1 is clear. Since the exterior square of ()4.13|1 is adjoint 
to the right inner square of ()4.12|) . the assertion follows. 

4.4.3. Proof of the commutativity of the left inner square of (j4.12p . 

We have to check the equality of the two morphisms 



/xD-F M fx J' ^ TZHom{rjxJ',P2fxJ') 



from the left inner square of ()4.12j) . or, equivalently, of the corresponding morphisms 
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The assertion reduces to the commutativity of the following diagram 
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(4.14) 



evotx 



<}OTTX 



Bc;^®Bc;^ 



BC, 



Pi ^^^P2 



BCl 



[fxxxP\^®fxx xP\^^] ® fx X xPl^^^^^^^^fx xXPlKx^fxx XP*2^ ^^^^^ f X xXP^T , 

where <C> is the isomorphism, defined in ()0.4|) . The left inner square of fl4.14|) com- 
mutes by axiom (IV) for the morphism p\. 

Using Lemma [4.2.41 fb). the right inner square of ()4.14p extends to the diagram 



(1) 



p\fxKx®%fxT - 
Bc;^ 

(4-15) fxxxPlKxmfxJ" 



Bc;^ 



P2fx^xmlfx:F 

BCl 

fxxXP2^X®P*2fx^ 

BC* 



tx ot-l 
P2 



AfxT 



AixT 



BCL 



BC I I 
fxxXP\Kx® fxxXP*2^ >fxxXP2^X®fxxXP2^~ >fxxXP2^, 



where (1) is induced by the top morphism p\fxKx — > P2fx^x of Lemma 14.2.41 (f). 
The top left inner square of (j4.15j) is commutative by Lemma f4. 2. 41 ff). The bottom 
left inner square of ()4.15|1 is commutative by functoriality. Finally, the right inner 
square of ()4.15|) is commutative by Lemma [4.2.21 (a) for the morphism p2. 



This completes the proof of Theorem 14. 3. II in the case c = Idxxx and c = Id^^^x 

4.4.4. The general case. Diagram ()4.8|) extends to the diagram 
(4.16) 

fcHHom^clT.c^J^) fccTlHom^plT.p-^J^) 



^-^fccA^Kx^-^fcKKpixic) 



(BC*^,BCl^)orc 



WoBCl 



moBCl 



T^Fix{c)°BC,^l 



BC 



nHomirjxJ'4fxJ')^^c-nHom{rjx:F,pyxJ')- 

where (1) and (2) are the left and the right vertical maps of (j4.12j) . respectively, 
(3) = fccTr^ and (4) = cTr-^. In particular, the commutativity of the middle 
inner square of ()4.1(i|l follows from that of ()4.12|) . Thus it will suffice to show the 
commutativity of the left and the right inner squares of ()4.1(ij) . 

4.4.5. Proof of the commutativity of the left inner square of (j4.16|) . 
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By axiom (III) and Lemma r4.2.1l (a). the base change morphism BC*^ decomposes 
as BC* oBC*^ and BC^^ decomposes as BCp^ °BCl. Therefore the left inner square 
of ()4.16p extends to the diagram 



{BC;,BCl)orc 

(4.17) nHom{c*fx.xPiy',cfx>cxP2^) 



1 1 



fccUHomiplJ^.p^J^) 

rxxX°BC'l 

c TiHom{fxxxPl^, fxxxP2^) 
c TZHom^plfxJ^, P2fx^)- 



The bottom inner square of ()4.17|) is commutative by functoriahty, while the top 
inner square is commutative by Lemma 14.2.21 (b) for g = c, A = pJJF and B = p'2^. 



4.4.6. Proof of the commutativity of the right inner square of M.lGj) . 

The right inner square of (j4.16j) extends to the diagram 



fcc-^.Kx ^ fcKc'-Kx 



(4.18) 



cAJxKx 



BCtAoBCl 



Kc'fxKx 

TTx 



BC[,oBC,^, 



BC 



X 



AM 



Fix{c)- 



Since A and A are proper, the top left inner square of ()4.18p is commutative by 
Lemma 14.2.11 (c2) and axiom (VI). The bottom left inner square of ()4.18p is com- 
mutative by functoriahty. The top right inner square of ()4.18|) is commutative by 
definition, while the bottom right inner square is commutative by Lemma f4. 2. II (h). 



This completes the proof of Theorem 14.3.11 and hence also of Propositions 11.2.51 
andHSSl 

5. Additivity of trace maps 

In this subsection we will prove Proposition 11.5. lUI Following Pink jFil Prop. 
2.4.3], we will deduce it from the additivity of filtered trace maps. We start from 
preliminaries. 
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5.1. Filtered derived categories. 

5.1.1. Filtered complexes (compare |I12l V, §1]). Let A be an abelian category. 

(a) Denote by C{A) the category of complexes in A. Denote by CF{A) the cate- 
gory, whose objects are complexes A G C{A) equipped with a decreasing filtration 
F^A,i G Z such that F'-A = A for i « and F'-A = for i >> 0, and whose 
morphisms are morphisms in C{A) preserving the filtrations. 

(b) For each pair — oo < a <b < +oo, denote by CF^"''''^(A) the full subcategory 
consisting of complexes A such that F'^A = A for i < a and F^A = for i > b. 
Denote by tt"'^! the functor CF{A) CF^^'^^A) such that t'^'^U := F^A/F^+^A 
with the induced filtration F%&'^^A) := F'A/F^+^A for all a < z < 6. 

(c) When h = +oo (resp. a = — oo) we will write > a (resp. < b) instead of 
[a,b]. Then t-"^ (resp. t-^) is a left (resp. right) adjoint functor to the embedding 
CF^^iA) ^ CF{A) (resp. CF^^{A) ^ CF{A)). Also each t^"'^^ can be written as 
a composition t-" o t-'' = t-^ o t-". 

(d) Denote by u the forgetful functor CF{A) C{A). Then for each i E Z the 
functor gr^ := cuott*'*! : CF{A) C{A) associates to A its graded piece F'^A/F^^^A. 

(e) Everything said above can be generalized to the case of bounded derived 
categories D*F{A), where * = +, — , 6. 

5.1.2. Localization. 

(a) In the notation of 15.1. H denote by DF{A) (resp. DF^^'''^{A)) the localization 
of CF{A) (resp. CF["'^](A)) by filtered quasi-isomorphisms, that is, by morphisms 
/ in CF{A) such that each gr^{f) is a quasi-ismorphism in C{A) (see |I12t V, 1.2]). 
Each L)F['^'''1(A) is a full subcategory of DF{A) (^ V, Lem. 1.2.7.1]). 

(b) Functors from 15. l!T] descend to the corresponding functors t^"'^], t-*^, t-^, to, gr^ 
between derived categories. Moreover, the adjointness properties of t-*^ and t-^ still 
hold. 

(c) For every A G DF{A) and i G Z, there exists a distinguished triangle t-*^ — 
A t-*^^^ — Moreover, by the adjointness properties of t-* and t-*~^, this is 
the unique distinguished triangle A-^ A ^ A-^~^ — with A-'^ G DF-^{A) and 
j[<i-i e DF^'-\A). 

5.1.3. Filtered (bi)functors. Let A, 5 and C be three abelian categories. 

(a) We say that a triangulated functor G : DF{A) DF{B) (resp. G : 
DF{Ayp DF{B)) is filtered, if it satisfies G{DF^'''^\A)) C DF^'''^\B) (resp. 
G(L)F['^'^1(A)°P) C DF^-^'~''^{B)). 

(b) By a filtered lift of a triangulated functor G : D{A) F)(B_) (resp. G : 
D{A)°P D{B_)) we mean a pair {G,(l)c), where G is a filtered functor as in (a), 
and (pG is an isomorphism of functors uj o G ^ G o uo. 
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(c) We say that a triangulated bifunctor G : DF{A)-xDF{B) DF{C) (resp. G : 
DF{AyPxDF{B) DF{C)) is bifiltered, if it satisfies G{DF^'''^'i{A)xDF^^''^^{B)) C 
]jp[a+cMd](^C) (resp. G{DF^'''^'^{Ayp x DF^''''^\B)) C DF^-^+'^^~''+'^\C)). 

(d) By a filtered lift of a triangulated bifunctor G : -0(^4) x D{B) —>■ D{C_) (resp. 
G : D{Ayp X D{B) —* D{C_)) we mean a pair (G, ^g), where G is a filtered bifunctor 
as in (c), and (pc is an isomorphism of bifunctors uj o G G o (cj, uj). 

(e) Assume that we are in the situation of (b) (resp. (d)). By a filtered lift of a 
morphism H : Gi ^ G2 between triangulated functors (resp. bifunctors), we mean 
a morphism H : Gi —>■ G2 between filtered lifts of Gi and G2 such that isomorphisms 
(pGi and identify morphism uoH : uoGi UJ0G2 with Hou (resp. H o {uj , oj)) . 

The following simple lemma will play an important role afterwards. 

Lemma 5.1.4. (i) In the notation of (b) and (d), the isomorphism (pc identifies the 
functor gr'^oG with Gogr^ (resp. Gogr~^) in the case (b) and with (Bj+k=iGo{gr^ , gr^) 
(resp. Q)j+k=iG ° {gi^~'' , gi"'')) iiT' the case (d). 

(a) Let H and H be as in (e). Then isomorphisms of (i) identify gr^ o H with 
Hogr^ (resp. Hogr^'^) in the case (b), and with ® j+k=iHo(^gr\ gr'^) (resp. ®j+k=iHo 
{gr~^ , gr'^)) in the case (d). 

(Hi) If H is an isomorphism of (bi) functors, then H is an isomorphism as well. 

Proof. As an illustration, we will give the proof in the case of bifunctors DF{A) x 
DF{B) DF{C). Fix A G DF{A) and B G DF{B). ^ 

(i) First we claim that (pc defines an isomorphism gr^G{i-^A,i-''B) ^ G{gr^A,gr''B) 
for each j, G Z with j + k = i. 

Since G{t^^A,t^''-^B) C DF^''\C), we have gr'G{i^^ A,i^''-^B) = 0. The 
distinguished triangle {^'''''^B t-'^B t-''~^B — > therefore induces an isomorphism 
gr'G{t-^A,t-''B) ^ gr'Git-^ A,t'''''''^B). Applying similar argument to t-^A, we 
obtain an isomorphism gr'^G{i-^ A^i-^'B) ^ gr'^G{t''^'^^A,t^'''''^B). Now the required 
isomorphism can be written as a composition 

gr'G{t^'A,t^''B) ^ gr'G{t^^'^^A,t^'''''^B) = LjG{t^^''U,t^'''''^B) ^ G{gr^A,gr''B), 

where the equality follows from the facts that G{t^^'^^A,t^''^''^B) C DF^'^'\G) and 
gr^ = CO o t'*'*l. 

The isomorphisms constructed above together with canonical morphisms A — »• 
t-^A and B t-^'B give rise to a morphism 

(5.1) gr'G{A, B) ®,+k=^gr'G{i^'A, t^^B) ^ ®,+k=^G{gr^A, gr'B), 

which we claim is an isomorphism. To show it, notice that 1)5.11) is a morphism of 
triangulated bifunctors, hence it will suffice to prove it under the assumption that 
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j[ e DF^'''"'^{A) and B E DF^^'^\B) for some a, 6 G Z. In this case, both sides 
of (jS-ip vanish unless a + h = i, in which case the map ()5.1|) coincides with the 
isomorphism (pc '■ ujG{A,B) G{u!A,ljB). 

(ii) It will suffice to show that for each j, /c G Z with j + k = i, the diagram 

gr^GM,l3) ^ gr'G^iAB) 

Gi{gr^A,gr''B) — ^ G2{gr^A,gr''B), 

where the vertical maps are defined in (i), is commutative. Again we can assume 
that A G L'Fl"'"!^) and B G DF^'''^^{B) for some a, 6 G Z. Then all objects of the 
diagram vanish unless a = j and b = k. In this case, the vertical maps equal (pQ^ 

and 0^2' respectively, so the assertion follows from the definition of H. 

(iii) Since if is a morphism of triangulated bifunctors, it will suffice to show that 
each t^'''^H is an isomorphism, hence it will suffice to show that each gr^H is an 
isomorphism. Thus the assertion follows from (ii). □ 

5.1.5. Filtered RHom. Assume that A has enough injectives. 

By V, 1.4], the bifunctor RHom : D{Af x D+{A) D{Ah) has a filtered lift 

RHom : DF{A)^ x D^F{A) DF{Ab). Moreover, we have a natural isomorphism 
of bifunctors Hom(^, i3) ^ {uji^^RHo^{A, B)) (see iM V, Cor. 1.4.6]). Fur- 
thermore, for every u G Hom(^, B) = //°(cut^°RHom(^, B)), the z-th component of 
the projection of u to {gr^IiB.om{A, B)) = (Bi B.om{gr^A, gr^B) equals gr^u. 

5.2. Filtered L'^4^(X,A). 

5.2.1. Filtered six operations. 

(a) For a scheme X, denote by D'^Fctf{X, K) the full subcategory of D'^F{X,K) 
consisting of objects such that each gr^J^ belongs to -D^^j(X, A). 

(b) Functors f*,f*,f\,f' and bifunctors ®,TiHom on _D|!jj(X, A) have natural 
filtered lifts to D^Fctf{X, A). To show it notice first that functors /*, and bifunc- 
tors ®,lZHom defined in |I12| V, §2] preserve D'^Fctf{X, K) (use Lemma IB. 1.41 (i)). 
Next we define the "filtered Verdier duality" D : t— > 7lHom{J-', Kx), where Kx 
is considered as an object of Fji^'^^X , A) , and define filtered lifts of f] and f by 
formulas /: := D/,D and /' := D/*D. 

5.2.2. General principle. All canonical (iso)morphisms of functors in D^^j(X, A) 
have filtered analogs. 
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Indeed, all these morphisms are defined recursively using adjointness and inverting 
isomorphisms. However adjointness also holds in the filtered case, and Lemma [5.1.41 
(iii) implies that every filtered lift of an isomorphism in A) is an isomorphism 

in D'F,tf{X,A). 

For the proof of Proposition II. 5. lUl we will need the following construction. 

Example 5.2.3. Let Z G X he a closed subset, U := X \ Z, and let i : Z ^ X 
and j : U ^ X he the inclusion maps. Then the forgetful functor D^F^^f{X, A) ^ 
D'^^j:{X,A) has a natural section T ^ T such that gr^T = Tz '■= and 

To construct the section, we may assume that A is finite. Denote by Sh{X, A) 
the category of etale sheaves of A- modules on X. Then the forgetful functor 
C"'F[°'il(^/i(X,A)) ^ C\Sh{X,A)) has a section A ^ A := {A,F-) with FU = 
j\j*A. Since functors j* and j\ are exact, this section descends to the required 
functor Dl^^{X,A) ^ A). 

5.3. Additivity of filtered trace maps. 

5.3.1. Fix a correspondence c : C ^ X x X, an object of D^Fctf{X, A), a 
c-morphism u G Hom(c2!C*JF, JF), and set JF := u;jF. 

Recall that uj{c2\clJ-') is naturally isomorphic to C2!C^JF, while each gr\c2\clJ-') is 
naturally isomorphic to C2\clgr'^J^ (by Lemma 15.1.41 (i)). Hence uu and gr'^u are 
naturally elements of Hom(c2!C*J-', JF) and Hom(c2!cj5'r*jF, (/r^jF), respectively. 

The following result was formulated in 111, 4.13]. 

Lemma 5.3.2. In the notation of \5.'J.l\ we have an equality 

Trjr{uju) = ^^Tr^^.j^^gr'u) E H'^{Fix{c), Kpixic))- 

i 

Proof. Consider the composition 

Tr V : TZH ora{c2\c[T , T) ^ C2^TZHom{c[T, CgJF) ^'^l=f c^KFix{c), 

where the first map is the sheafification of the adjointness RHom(A,/'i3)^RHom(/!^,i3). 
By the general principle of 15.2.21 the map TrV lifts to a filtered map 

Tr- : nHom{c2\cl^,^) c'^Kpixic), 

where c'^Kpix{c) is considered as an object of Fj!^'^\x , A) . Hence Tr '~ induces a 
morphism 

gr^Tr!^) : gr^nHom{c2icl^, ^) = ®inHom{c2iclgr'T, gr'^) c'.Kpixic)- 
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We claim that the restriction of qr^jTr'^) to each TZHom{c2\c\gr'^J-' , gr'^T) equals 
Tt' ~ . 

To show it, we note that Tr '~ decomposes as 

Since Tr '~. is a morphism of filtered bifunctors, Lemma 15.1.41 (ii) implies that 

gr^iXf'-) : ®,'JZHom{c2\clgr'^,gr'^) ^ ©i<c''(D(^r*^) O gr'^) 
equals ©,Tr" , Thus it remains to show that the restriction of 

gr%ev^) : gr\B^ ® ^) = ®i(D{gr'^) O gr'^) Kx 

to D((7r*jF) (g) (7r*jF equals ev^^t^. 

Since under the isomorphism TZHom{B)J-' ^ J-', Kx) TZHo'm{J-', J-"), the map 
ef^ corresponds to Id^, the assertion is a reformulation of the obvious equality 
grnd:F = Idg^.j^. 

Now the assertion of the lemma is easy. Indeed, recall that Trjr{ijju) is the image 
of u under the map 

H^{ui^^Tf~) : Hom(c2!C*^,^) = {X , ut^^TZH om{c2icl^ , ^)) ^ H^{X,c',KFi^(c)] 
However, H^(ujt-^Tr'~) factors through 

H\X,gr%Tr:^)) : H\X, gr'nHom{c2icl^, ^)) ^ H%X,c[Kf,,^,)), 

thus the assertion follows from the last observation of 15.1.51 and the claim proven 
above. □ 

5.3.3. Proof of Proposition 11.5.101 

Consider the object J" G D^F^^''^\X, A) constructed in KT^ To prove the 
proposition, we will show that u G Hom(c2!C*jF, JF) lifts to a unique element u G 
Hom(c2!C^.F, JF) and that gr'^u = [iz]i{u\z) and gr^u = [ju]\{u\u)- Then the asser- 
tion will follows from Lemma 15.3.21 ^ ^ 

First we will show that the forgetful map u : Hom(c2!c];JF, JF) Hom(c2!C^JF, JF) 
is an isomorphism. Since Hom(c2!C^.F, .F) = //"(cut-^ RHom(c2!C^jF, JF)), while 
Hom(c2! c^JF, JF) = if°(ci; RHom(c2!cJJ^, JF)), it will suffice to check the vanishing of 
t<° RHom(c2!C^.F, .F). As .F G D''F^^'^\X,JV), one sees that gr-' RHom(c2!C^.F, .F) = 
for all i > 1, while ^r"^ RHom(c2!c]:JF, JF) ^ RHom(c2!cJJF^, JF^). 
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Since Z is c-invariant, the subset 02(0^ ^(^)) is contained in [/, hence C2\c!{T\j is 
supported on 02(07^ (f/)) C f/, thus rc2!C*JFf; = 0. It follows that 

(5.2) RHom(c2!C*J^[/, Tz) = RHom(rc2!C*J^(7, = 0, 

implying the vanishing of t^'' RHom(c2!C*JF, JF). 

For the second assertion, note that the pair {gr^u,gr^u) can be characterized 
as the unique (by (j5.!2|) ) element of B.om{c2\clJ-'z, J^z) © iiom{c2\clJ^u , J^u) , whose 
image in Hom(c2!c];jF[7, JF) © Hom(c2!C*jF, J^z) equals the image of u. Since the pair 
([^z]!(m|z), [jc/]!(M|c7)) also satisfies this property, the assertion follows. 



Appendix A. Compatibility of local terms 

The goal of the appendix is to compare the trace map, defined in 11.2.21 with the 
pairing 111, (4.2.5)] of Illusie, which was used by Pink and Fujiwara. First we need 
to introduce some notation. 

Construction A.l. (a) Suppose we are given a Cartesian square of schemes 

C > A 



B > y, 

b 

and two objects P, Q G D^^^^iY, K) equipped with a morphism $ : P ® Q ^ Ky- 
Denote by c the composition map h o a' = a oh' : C Y . Then $ gives rise to a 
pairing 



■) : h'*a:-V ® a*b-Q ^c{V®Q)^ cKy = K, 



c, 



where the first map is the composition 

b'*a-V ^a'*b-Q ^ a'-b*: 
Then $ gives rise to a pairing 



b'*a-V ® a'*b-Q ^ a'-b*V ® a'*b-Q ^ a'-{b*V ®l)-Q) ^ a'-b-{V ® Q). 



(-,■): H%A, a-V) ® H\B, b' Q) H%C, b'*a-V) ® iJ°(C, a'*6' Q) ^ 

^ H\C,b'*a-V®a*b-Q) ^H\C,Kc). 

(b) Assume that in the notation of (a) we have Y = XiX X2, V = DjFj^ KIJF2, Q = 
Tx K DJ^2 for some Tx e Dl^j{Xi,K), T2 e D''^^{X2,A), and $ is the composition 

(DJ^i K J-2) ® (J^i S DJ^2) = (DJ^i ® J-i) K (J^2 ® 0^2) Kx, K Kx, ^ Kx, ^x, , 
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where <) is the isomorphism ()().4|1 . Put := pioa : A ^ Xi and hi := pioh : B Xi 
for z = 1,2. Then we have a natural isomorphism 

H'^{A,a V) H^{A,TZHom{a\J^i^a2J^2)) = Hom(a^jFi, 02^^-2) ^ Hom(a2!a^jFi, JF2), 
induced by the isomorphism 

a'-p ^5 a'TZH om{plJ-'i, p2J-'2) — ^ TZHom{a[J^i, 02-^2)5 

and similarly an isomorphism H^{B,b'Q) ^ Hom(6i!62^2, ^1), induced by a map 

(A.l) b-Q^ nHom{b;j^2, 

Therefore the pairing (-, ■) from (a) specializes to the pairing 

(-,■) : Hom(a2!aI^i,^2) ® Hom(6i,6;^2,-^i) ^ H\C,Kc). 

(c) Assume that in the notation of (b) we have B = Xi = X2 = X ^ T\ = T2 = 
and 6 : X X X X is the diagonal morphism. In this case, C = Fix{a), 61 = 62 = 
Idx, hence (■, ■) specializes to the pairing 

(-, ■) : Hom(a2!at J", JF) (g) Hom(J', JF) H°{Fix{a), Kpixia))- 

Lemma A. 2. In the notation of (c), for each u G Y{om.{a2\a\T , J^) , we have 

Tra{u) = (u,IdjF) . 

Proof. Note that Tr^ : Hom(a2!aJjF, JF) — > H^[Fix{a)., Kpix^a)) decomposes as 

H\A,nHom{alJ^,a2J^))^H\Fix{a),A'*T^Hom{alJ^, a'J^)) ^i7°(Fix(a), i^RxCa)), 
where the last map is induced by the composition 

A'*nHom{alT,a2J^) ^ A'* a' (DJ^MJ^) ^ a''A*(DJ^KJ^) = a''(DJ^®J^) ^ a'-Rx- 

Therefore the assertion reduces to the commutativity of the following diagram 
(A.2) 

a'-A*{I])J^MJ^)®a'*Ax a'- {A* (DJ^ M J^) (g) Ax) a'-Kx 

a'- A* (DJ^MJ^) ^a'*A- (J^MBJ^) a'' (A* (DJ^MJ^)(g)A- (J^MBJ^)) c KxxX: 

where both vertical arrows are induced by the composition 

Ax ^ nHom{J^, T) '^'^ A- (J- K DJ^). 
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Since the left inner square of ()A.2jl is commutative by functoriality, it remains to 
check the commutativity of the right one. For this we can assume that a' = Id^, in 
which case the corresponding diagram extends to the diagram 
(A.3) 

DJ^®J^®Ax DJ^®J^ Kx 



Id, 



roi 



O'o(ld Bet)) 



K 



X 



ev\2Slev . 1 



X 



where we denote by ^' the isomorphism A'(^ M Kx) — > /S^'p\A = A, induced by 
the isomorphism (} : Kx PiA from ()0.4p . 

We claim that all inner squares of ()A.3|) are commutative. Indeed, the assertion 
for the top right inner square is clear, the bottom right inner square is commutative 
by functoriality, while the assertion for the top left inner square follows from the 

fact that the composition A = A® Ax — ^ Ai^TlHom^A, A) A is the identity. 
Finally, the (rotated) bottom left inner square of ()A.3jl extends to the diagram 



(A.4) A*p*DJ^® A'(J^K (J^ODJ^)) 



EH 



HD^®«>'o{Id mev)) 



Since A'(jF Kl DjF) TZHom(J^, JF) is adjoint to the composition 



0' 



X, 



the top inner square of ()A.4j) is commutative. Next since \^9t®t decomposes as 
tp! ot^! : A:-p-^T®A*p\T A'pi(DJ^®JF), while <)' decomposed composition 



t<l-{j){A®vlKx) A-{plA(S) pr^Ax) A-p^A, the commutativity the bottom 



t 1 

Pi .11 
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inner square of ()A.4jl reduces to that of 



Mar ®t ! 

A*plBJ^ ® A'iplJ^ ® p[Ax) ^ A*p*DJ^ O A'p- 



(A.5) 



t I ot . 1 



t 1 



Now the assertion follows from the associativity of tp<^. □ 

Corollary A. 3. The local terms defined in \1.2.iA (b) coincide with those of Pink 
(lEl Def. 2.1.10]; and Fujiwara p. 495];. 
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